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Abstract. We study the growth of fibers of coverings of pinched negatively curved
Riemannian manifolds. The applications include counting estimates for horoballs in
the universal cover of geometrically finite manifolds with cusps. Continuing our work
on diophantine approximation in negatively curved manifolds started in an earlier paper
(Math. Zeit. 241 (2002), 181-226), we prove a Khintchine—Sullivan-type theorem giving
the Hausdorff measure of the geodesic lines starting from a cusp that are well approximated
by the cusp returning ones.

1. Introduction
Let M be a complete pinched negatively curved Riemannian manifold. Letw : N — M
be a Riemannian covering of M and let xo be any point in N. Define the counting function
of T as fr : Ry — N, with f,(f) the number of points x in 7w (xp) such that
dn(x0,x) < t. In this paper, we study the growth of the counting function f;. When &
is the covering defined by a cuspidal subgroup of 71 M, we get estimates for the growth of
the number of horoballs in the universal cover of geometrically finite manifolds with cusps.
An application is given to a Khintchine—Sullivan-type theorem in the setting of diophantine
approximation in negatively curved manifolds as developed in [HP2].

Let % : M — M be a universal covering. The growth of fz has been much studied.
In particular, the estimate fz(r) ~ ce® as t tends to 400 has been established in several
situations, where § is the critical exponent of M (see §2) and ¢ > 0 is some constant.
See [Mar] for M compact; see [Pat, Sull] for M non-elementary, geometrically finite,
with constant curvature; see [Rob] for M non-elementary, having finite Bowen—Margulis
measure and with the length spectrum of M being non-discrete in R; see other references
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in [Rob]. When M is compact and 7 is normal, then the growth of f; is equivalent to
the growth of the finitely generated group w1 M /m. (71 N) (see [GK]). We are mostly
interested in non-normal covers.

Recall that N is convex-cocompact if N contains a compact convex submanifold which
is a strong deformation retract of N. Given two maps f, g : E — R, write f x g if there
is a constant ¢ > 0 such that (1/¢) f(t) < g(t) < cf(¢) forevery t in E.

THEOREM 1.1. Assume that M is compact, N is convex-cocompact and m is infinite-
sheeted. Then fr (1) =< e, where h is the topological entropy of the geodesic flow of M.

See Theorem 3.1 for a more general result (valid for Gromov-hyperbolic metric spaces).

Assume for simplicity in this introduction that M is geometrically finite and has exactly
one cusp e (see [Bow] or §2 for definitions).

As defined in [HP2, Definition 2.3], a geodesic line starting from e is rational if it
converges to e and irrational if it accumulates inside M. The depth D(r) of a rational
line r is the length of the subsegment of r between the first and last meeting point with the
boundary of the maximal Margulis neighborhood of the cusp e in M. For t > 0, define
N (1) as the number of rational lines whose depth is less than ¢.

Let My — M be the covering of M defined by any parabolic subgroup corresponding
to e of the fundamental group of M, let 7y : M — M, be its universal cover and let §g be
its critical exponent. In variable curvature, the geometry of My can be quite complicated
(see [DOP]). The assumptions fz (f) = €% and 8y < § are satisfied, for instance, if M is
arank 1 locally symmetric space. See [DOP] for many other cases, as well as for situations
when they do not hold.

We improve the main result of [BHP], as follows (see also [Rob]).

THEOREM 1.2. If 8¢ < 8, then N, (1) < €.

The main goal of this paper is the following result. Let &y be any parabolic fixed point
corresponding to e. If r is a rational line, let 7(co) be the pomt at infinity of a lift of
r starting from &. Let de be the Hamenstédt distance on M — {&0}. Let 11, be the
Patterson—Sullivan measure seen from &y on M — {&0} (see §2 for the definitions).

THEOREM 1.3. Assume that fz () =< e Let f : Ry — R be a map with log f
Lipschitz. Let E(f) be the set of points & in M — {&0} such that there exist infinitely many
rational lines r with d (£,7(00)) < f(D(r))e~ D) Then /Le(E(f)) = 0 (respectively
/Le(CE(f)) = 0) if and only if the integral fl F(0)20=%) 4t converges (respectively
diverges).

IfM = H2, T = PS Ly (Z), then this result is a well-known result of Khintchine
(see [Kh]). The theorem, and the following corollary, called the logarithm law for the
geodesic flow, are due to D. Sullivan [Sul2] if M has finite volume and constant curvature,
to D. Kleinbock and G. Margulis [KM] if M is a finite volume locally symmetric space and
to B. Stratmann and S. L. Velani [SV] if M is geometrically finite with constant curvature.

Endow the unit tangent sphere Tx1 (M) with the Patterson—Sullivan measure (see §2) and
denote by ¢ > y,(¢) the geodesic ray in M defined by v € Txl (M).
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THEOREM 1.4. Assume that fz,(t) =< e For every x in M and almost every v in
T} (M),

. du(x, yy(1)) 1
lim sup = .
t—+400 logt 2(8 — 8o)

This paper is organized as follows. Section 2 gives the main definitions and notations
that will be used in the paper. The main result of the paper, Theorem 1.3, is proved in §5.
The main steps are Theorem 1.2 (proved in §3) and a greatly generalized fluctuating density
result (see §4). Theorem 1.4 is then proved in §6.

2. Notation
2.1. Generalities. This section recalls well-known definitions and results regarding
negatively curved metric spaces (see [Bou, Bow]).

Let M be a complete pinched negatively curved Riemannian manifold.  After
normalizing its metric, we assume that its sectional curvature K is normalized by —«2 <
K < —1withl <k < 4o00. Let 7 : M —s M be a fixed universal cover, with a covering
group I

In particular, Misa proper geodesic metric space which is CAT(—1) and CATOP(—KZ),
that is its geodesic triangles are more (respectively less) pinched than those in the constant
curvature — 1 (respectively —«?) space; see [GH] for definitions.

Let X be a CAT(—1) geodesic metric space. The boundary 0 X of X is the space of all
geodesic rays in X, where two rays are identified if they remain within bounded Hausdorff
distance. The set X U 9 X is endowed with the cone topology.

The Poincaré series of a group G of isometries of X is defined by

PG(x,y,5) =y e 48
geG

for any x, y in X and s in R. This series converges if s > 8 and diverges if s < 8¢ for
some §g € [0, +o00], which is called the critical exponent of G. It is easy to see that §¢ is
independent of the points x, y.

Let a, b € 0 X. Their Gromov product with respect to a base point x in X is defined by

(@, b)y = lim 3d(x, a() +d(x, b)) — d(a(t), b(1))).

It is independent of the geodesic rays a, b : [0, +o0o[ — X representing a, b. The visual
distance d, on 0X is defined by

0 ifa=>b,

e~ @bx otherwise.

dy(a,b) = :

Every isometry y of X extends to an homeomorphism of d X which is an isometry between
dyand dy ;.
For & in 90X, the Buseman function B¢ : X x X — R is defined by

Be(x,y) = ,grgod(x, E(1) —d(y, &)

for any geodesic ray t > £(¢) convergingto &. The horospheres centered at & are the level
sets of x — B (x, y) (forany y € X), and the horoballs are the sublevel sets.
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For s in Ry, a Patterson—Sullivan (family of) measure(s) of dimension s for a group G
of isometries of X is a family of absolutely continuous finite measures (v, ) cx on d X such
that
(1) (dvy/dvy)(E) = e P forevery x, y in X and £ in 9 X, and
(2)  g«vx = vg, forevery g in G.

Note that (vy)rex is uniquely defined by vy, for xo any base point in X.

Given a Patterson—Sullivan family of measures (ix),j; for I, for every y in M, the
unit tangent sphere Tyl M can be endowed with a measure, also called a Patterson—Sullivan
measure, in the following way: take a lift 3 of y in M, identify T} M with T;}A} by the
covering map, and Tyl M with M by the endpoint map, which maps a unit vector to the
point at infinity of the geodesic ray it defines. The measure p5 on oM pulls back to a
measure on Ty1 M, which by the equivariance property of the Patterson—Sullivan measures
does not depend on the chosen lift y.

Assume that X is proper. Let G be a discrete subgroup of isometries of X. The limit set
AG is the set Gx N X, for any x in X. The group G is non-elementary if AG contains
at least three points. If G is non-elementary, the convex hull in X of the limit set of G
is denoted by CAG. A point & in AG is a conical limit point of G if it is the endpoint
of a geodesic ray in X which projects to a path in G\ X that is recurrent in some compact
subset. A point & in AG is a bounded parabolic point if it is fixed by some parabolic
element in G, and if the quotient (AG — {£§})/G¢ is compact, where G¢ is the stabilizer
of £&. The group G is geometrically finite if it is non-elementary and if every limit point of
G is conical or bounded parabolic (see [Bow] for more information). The manifold M is
non-elementary or geometrically finite if " is (as a subgroup of isometries of M ).

Assume that the critical exponent §g of G satisfies 0 < §g < +00. Assume that G is
of divergent type, i.e. that the Poincaré series Pg(x, y, s) diverges at s = 3g. If xg is a
base point in X, the measures v, for x in X may then be taken as the weak limit for some
(si)ieN (independent of x) with s; > §¢ tending to §g as i — +o0, of

1

—sid(x,8xG)
_ e A

gxG»
PG (xG, xG, si)

geG

where A, is a unit Dirac mass at the point z in X.

The shadow Oy A of a subset A of X seen from a point x in X U dX is the set of points
& #£ x in X such that the (unique) geodesic ray or line from x to £ has a non-empty
intersection with A.

2.2. The rational and irrational lines. The content of this section is taken from [HP2],
to which we refer for proofs and complements.

Assume that M is non-elementary and has at least one cusp e, i.e. an asymptotic class
of minimizing geodesic rays in M along which the injectivity radius goes to zero. We say
that a geodesic ray converges to e if some subray belongs to the class e.

Fix &y on the boundary dM of M, which is the endpoint of a lift of a geodesic ray
converging to e. In particular, & is the fixed point of a parabolic element in I". Let I'g be
the stabilizer of &y in ", called a parabolic subgroup for e. We say that the cusp e (and the
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parabolic subgroup I'g) is bounded if &y is a bounded parabolic point for I'. We denote
by § = ér and §o = dr, the critical exponents of I' and I'g respectively. Note that
0 < §p < 8§ < 400 (see, for instance, [Bou]). If M is compact, then § is the topological
entropy of the geodesic flow of M (see [Man]).

Let Hy be the horosphere centered at &y such that the horoball HBy bounded by Hy is
the maximal horoball centered at & such that the quotient of its interior by I'g embeds in M
by 7. Such a maximal horoball exists: see, for instance, [BuK]. The subset 7 (int(HBy))
of M is called the maximal Margulis neighborhood of the cusp e. Fix a base point x¢ in M
belonging to Hy N CAT'.

We define the rational and irrational lines in M and the depth of a rational line as in
the introduction. If I is geometrically finite, then a geodesic line starting from e in M and
contained in 7 (CAT) is rational or irrational or converges to some cusp distinct from e.
Any rational line r in M has a liftin M starting from &, which is unique modulo the action
of ['g. The endpoint of any such lift is the center of a horosphere y Hy for some y in T.
The map r — T'gy T from the set of rational lines to the set of non-trivial double cosets
To\(I" — )/ Ty is a bijection (see [HP2, Lemma 2.7]). It follows from its definition that
the depth of r is d (Hy, y Hp). In particular, the number A\, (¢) of rational lines with depth
at most ¢ is equal to

N (t) = Card{T'oy g € To\(I' — T'9)/ Ty | d(Ho, y Hp) < t}.

If e is a bounded cusp, then since I' is discrete, the set of depths of rational lines is a
discrete subset of R with finite multiplicities (see [HP2]).

We denote by dg, the Hamenstdidt distance on M — {&0}, which is invariant under I,
defined by (see [HP1, Appendix], where there is a sign mistake, as well as in [HP3])

d%'()(as b) = IJETOO e+tdr(l)(av b)v

with a, b € M — {&0} and » : [0, +o0[ — M a geodesic ray with origin on Hy and
converging to &. Note that our distance dg, is only equivalent to the distance associated to
(&0, Hp) introduced in [Ham] but since most of the inspiration comes from this paper, we
will, nevertheless, call dg, the Hamenstédt distance.

2.3. The parabolic manifold. 1t turns out that the most intrinsic way of expressing the
results mentioned in the introduction is to work with the parabolic manifold My = 1"0\1\71
(see Figure 1).

We denote by Hs, HBx the image in My (by the canonical map) of Hy, HBy,
respectively. For every rational line », we denote by H,, HB, the image in My of
y Hy, yHBy for any representative y of the double coset corresponding to r. Note that
the subsets HB,, for the rational lines r, have pairwise disjoint interiors (these are the
homeomorphic images of the corresponding open horoballs in M ). Note that D(r) =
dm,(Hoo, Hy) for every rational line 7.

We denote by oo the point at infinity of M corresponding to the point at infinity &y of M.
Thus when M has finite volume, HBs, = I'g\HBy is a neighborhood of the end oo in My.
Under the map M — My, the set of orbits under I'y of the geodesic lines starting from &
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FIGURE 1. The parabolic manifold M.

in M can be (and will be) identified with the set of geodesic lines starting from oo in M.
We denote by d M the quotient ro\(aM’ — {&0}), which can be (and will be) identified
with the set of endpoints of the geodesic lines starting from oo in M. The endpoint of the
rational line r (seen in My) is the point at infinity of H,.

Since the Hamenstédt distance dg, is invariant under I'g, we denote by d its quotient
distance on dMy. If L, L' are geodesic lines starting from oo in My with endpoints &, &/,
we define their Hamenstddt distance by doo(L, L") = doo (€, E').

Let r be a rational line and ¢+ > 0 be given. We denote by H,, the set of points in
HB, at distance ¢ from H,. Then H,, is the image under the projection M — My of any
horosphere y H;, contained in y HBy and at distance ¢ from y Hy, for any representative y
of the double coset corresponding to r.

Let A be a subset of M. Define the shadow of A seen from oo to be the set O A
of points in d My that are the endpoint of a geodesic line starting from co and passing
through A. It is the image under the projection (81\7[ — {&}) — 9My of the shadow seen
from &p of the preimage of A by M — M.

Let (tx),cj; be the Patterson—Sullivan measures of dimension § for I', constructed in
§2.1 with the basepoint xp = xg. Let pg : IM — {§} — Ho be the I'p-equivariant
homeomorphism, which maps & in aM — {&€o0} to the unique intersection point of the
horosphere Hp with the geodesic line between &) and &. Let p : [0, 400[ — M be
the geodesic ray, with origin x¢ and converging to &. As ¢ tends to 400, the measure
% Mp(r) converges weakly to a measure, denoted by (g, on M — {&€o}. Its support is
AT — {&} and it is invariant by I'g. Note that jig, is absolutely continuous with respect to
the Patterson—Sullivan measures; more precisely for every & in aM — {é0} and x € M,

dN‘EU &) = e 0Be(po(8).x)
dpy
By invariance, the measure pg, induces a measure (oo on dMy, called the Patterson—

Sullivan measure on dMy. Its support is I'o\(A' — {&}), which is compact if & is a
bounded parabolic point.
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3. Estimating the relative growth
We use [GH] for notation and background on Gromov-hyperbolic spaces.

THEOREM 3.1. Let H, G be two discrete subgroups of isometries of a Gromov-hyperbolic
proper metric space X, with H contained in G. Let xq be any point in X and f(t) be the
number of g in G such that dx(gxo, xo) < t. Let fg\g(t) be the number of cosets Hg in
H\G such that dy\x (Hgxo, Hxo) < t. If the limit set of H is properly contained in the
limit set of G, then there is a constant ¢ > 0 such that for every t > 0,

1
;fG(t -0 =< fing(®) < fo().

Proof. The second inequality is obvious. Let us prove the first one. The result is easy if H
is finite; hence, we assume that H is infinite. Note that since A H is properly contained in
AG, the group G is then non-elementary. Recall that a discrete group of isometries of X
acts properly on the complement in X U 9 X of its limit set.

In particular, there exists a point £ in AG and an open neighbourhood U of £ in X U9 X
such that the number N of elements « in H such that «U meets U is finite. Since &
belongs to AG and G is non-elementary, there exists a hyperbolic element y in G whose
fixed points are both contained in U. Since the action of ¥ on X U 9X has a North—South
dynamics, there exists an integer N’ > 0 such that the sets ka fork =0,..., N cover
XUdX.

Fory € X and V C X, define

fvy(@) =Card{g € G : gxo € Bx(y,t) N V}.

Note that fi\G(t) > (1/N) fu,x,(t). For a contradiction, assume that for every integer
n > 0, there exists 1, > n such that fux () < (1/n)fG(tn —n). Let T =
supg—o,..n' d(x0, ¥ ¥ x0). Then

!

N’ /
N
f6tn=T) <Y friggtn=T) =Y fyytegta—T) < N’ fy 1 (ta) < — 6 (tn=n).
k=0 k=0

Note that fg is non-decreasing. Hence, for n big enough, say n > max{N’, T} + 1, we

have ,

N
Jen —T) < TfG(tn —n) < fetn —T).
This contradiction ends the proof of Theorem 3.1. a

The preceding theorem (whose proof was inspired by [Rob]) and the following easy
and well-known result imply Theorem 1.1 of the introduction.

LEMMA 3.2. Let H,G be two non-elementary quasi-convex discrete subgroups of
isometries of a Gromov-hyperbolic proper metric space X, with H contained in G.
Then H has finite index in G if and only if the limit set of H equals the limit set of G. O

We now turn to the estimation of the growth of N, (¢), which is one of the main steps in
the proof of the Khintchine—Sullivan Theorem 5.1. The following lemma is obvious.
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LEMMA 3.3. For every positive constants A, 8,8 with 8 > &, there exist an integer
N > 1 and a constant B > 0 such that for all positive real sequences (by), (cn) with
cn < A" b, < A’ and Y o brcn—k > (1/A)e®, we have lecv:1 bpir = Be.

)+2.

(=8 (n+1) _ A20%0N
<

Proof. Let
A3

log

1
N:E( :
53,

where E(-) denotes the integer part. Note that

1 — 68675

n n
/ , e
N brcarn—i < Y APFASIEN ) = 4250 +N)

e
U —_ ’
k=0 k=0 =% —1 I —eho™
. ’
Since ¢4 N—k < AedN fork > n + 1, we have
, n+N n+N n+N n
8N
Ae’o Z by > Z brcnyN—k = Z brenyn—k — Zbkcn+N—k
k=n+1 k=n+1 k=0 k=0
’
1 A2€80N
> _ezSN _ / E:Sn’
A 1 — 650—5
which proves the result, by the definition of N. O

THEOREM 3.4. With the notation in §2, assume that e is a bounded cusp. If fz(t) = e
and 8y < 8, then N(t) < €.

Proof. Let X = CAT, which is a convex subset of M , and, hence, an n-hyperbolic metric
space for some n > 0. Recall that X is ["-invariant and closed and contains x.

Choose a representative for every non-trivial double coset [y] in T'o\(I" — I'g)/ 'p and
denote it by the same symbol, such that

d(xo, [ylxo) = min_d(xo, a[y]a'xo).
a,a’ely

LEMMA 3.5. The geodesic segment [xq, [y 1xol is at bounded distance from the common
perpendicular segment between HB( and [y |HB.

Proof. Forevery y in ' —I', the common perpendicular segment [u, v] in M between HBy
and y HBg (with u € HBy) is contained in X. Its length is the minimal distance between a
point in HBy and a point in y HBy. Since I'g\ (Hp N X) is compact, by multiplying y on the
left (respectively right) by an element of "¢, the distance d(xo, u) (respectively d (y xo, v))
can be made less than a constant. The result follows. O

By this lemma, there exists a constant 7; > 0 such that

d(xo, [y]x0) — 71 < d(Ho, [y]1Hop) < d(xo, [y]x0).

Since fz(t) < ce’ for some ¢ > 0, we immediately have the upper bound A)(s) <
ced1e% | Let us now prove the analogous minoration.

The horoballs HBy and [y]HBy are convex. Then, by Lemma 3.5, the piecewise
geodesic path from a 1xp to xp, then from xo to [y1x0, then from [y]xg to [y]a’xo,
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is quasigeodesic in X. Therefore, there exists an integer 1, such that for every [y] in
To\(I' — Ty)/ g and every a, o’ in Ty,

d(xo, a[yla'xp) — v < d(xo, axo) + d(Ho, [y1Ho) + d(xo, &'x0)
< d(x0, a[y]a'x0) + 2. ()

Since fz(t) > ce® for some ¢ > 0 and by Lemma 3.3 (with ¢, = 1 for all n), there
exist an integer N and a constant 73 > 0 such that a, > 73¢%", where

an, = Card{y €T |n — N < d(xo, yxo) < n}.

Up to normalizing the metric of X by 1/N, we may (and we will) assume that N = 1.
Indeed, let Y be a proper n-hyperbolic space. Let I be a discrete group of isometries of ¥
with a critical exponent §. Let € > 0 be a given constant. Then the metric space €Y (which
is the set Y with the metric dcy = edy) is a proper (en)-hyperbolic space and the group I'
is still a discrete group of isometries of €Y, with critical exponent §/¢. It follows easily
that if we prove the result for (1/N)X, then it also holds for X.

Let 56 be a real number such that §y < 8(’) < 4. In particular, by the definition of 8, we
have Card{a € Ty | d(xo, axo) < n} = 0(e%"). Let

b = Card{([y], &) € (To\(I' —=T0)/ To) xTo | k—1 < d(Ho, [y1Ho) +d(xo, &'x0) < k}

and
ck=Card{a € I'g | k — 1 — 210 < d(x0, ax0) < k + 1}.

By the formula (x), we have

n+1t
a, < bicptr,—k + Card{a € I'g | n — 1 < d(x9, axg) < n}.
k=0

Since the last cardinal is O(e‘st/)"), the assumptions of Lemma 3.3 for the sequences
(by), (cp) are satisfied for some constant A > 0. Hence, there exist an integer N’ and
a constant ¢’ > 0 such that Card{([y],a’) € (To\(I' — Tg)/To) x Ty | n — N’ <
d(Ho, [y1Ho) + d(x0, o'x0) < n} > c’e®".

Iterating this procedure, we get the minoration. O

Theorem 1.2 in the introduction now follows from Theorem 3.4 and the following
lemma.

LEMMA 3.6. If M is geometrically finite and if the critical exponent of each parabolic
group is strictly less than 8, then fz(t) =< €.

Proof. Since I" contains a parabolic element, the length spectrum of M is non-discrete in
R (see [Dal]). Since M is geometrically finite and the critical exponent of each parabolic
group is strictly less than 4, it follows from [DOP] that the Bowen—Margulis measure of
M is finite. The result then follows by [Rob], as recalled in the introduction. O
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4. The fluctuating density property

This section is devoted to the proof of the following result, which is the second key step
in the proof of the Khintchine—Sullivan Theorem 5.1. It is basically due to Sullivan [Sul3]
in the finite volume, constant curvature case and due to Stratmann and Velani [SV] in the
geometrically finite, constant curvature case. See also [HV] for other applications.

THEOREM 4.1. With the notation from §2, assume that e is a bounded cusp, T is of
divergent type and f#(t) < €'
rational line r and every t > 0, one has

Then there exists a constant ¢ > 0 such that for every

1 5Dy +260-0)
C

< too(OsoHyp) < ce 8P +2C0=0)1,

Remarks. (1) The assumption that I" is of divergent type is sufficient for the application
to Theorem 5.1. However, it can be removed from the statement, by using in the proof of
Proposition 4.2 the general construction of the Patterson—Sullivan measure. Note that if
fz(1) < €%, then T is of divergent type.

(2) The assumption that fz,(t) =< €%’ cannot be removed, since some control of the
Poincaré series of the parabolic subgroup is needed in order to estimate the behaviour
inside horoballs of the Patterson—Sullivan measures. Note that it implies that 'y is of
divergent type, hence by [DOP, Proposition 2] that §g < 8.

Let us consider the map ¢ : M — R, where ¢ () is the total mass of the Patterson—
Sullivan measure wy. Note that, by the equivariance properties of the Patterson—Sullivan
measures, we have ¢ (yy) = ¢(y) forevery yin M andy in I".

PROPOSITION 4.2. Assume that I is of divergent type and fz, (t) < e Forevery A > 0,
there exists B > 0 such that for every y in M at distance at most A from the geodesic ray
Jfrom xq to &, we have

1

Ee(%wé)d(xmy) < p(y) < Be@oDd0.y).

Proof. Let P = Pr be the Poincaré series of I'. As I' is of divergent type, and as the
constant map with value 1 on M Ud M is continuous with compact support, it follows from
the construction of the Patterson—Sullivan measures (see §2) that, for some s; — 8T,

P b 9 1
o(y) = lim (v, x0, 5i) .
i—+o00 P(xp, x0, 8i)
Choose a representative for every right coset [y] in I'g\I" and denote it by the same
symbol, such that

d(xo, [y ]x0) = min d(xo, o[y ]x0).
aely

By the properties of quasi-geodesics in the Gromov-hyperbolic space M, for every A > 0,
there exists a constant ¢; > 0, depending only on A, such that if y is at distance at most A
from the geodesic between xo and &, then

d(y, ay) +d(y, xo) + d(xo, [y]xo) —c1 < d(y, alylxo)
<d(y,ay) +d(y, xo) + d(xo, [y]x0).
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Let Q(xo, x0, ) = Zmero\r e—5d00.[v1x0) By uniquely writing each element of " in

the form a[y] for o € 'y, we get from these inequalities that, for s > §,
e S ORP (3, y, $) O (x0, X0, 5) < P(y, x0,5) < "1 00 PRy y, ) Q(x0, X0, ).
Hence, as the series Pr,(y, y, s) convergesat s = §,
o—8¢1 p=8d(y.x0) Pry(y, .8 < B (y) < 51734030 Pry(y, y,6) . ()
Pr, (x0, x0, 8) Pr, (x0, x0, 8)

Recall that y is at distance at most A from the geodesic from xg to &. Hence, there
exists a constant ¢y depending only on A such that, for every « in Iy, if d(y, @y) > c2,
then the piecewise geodesic from x¢ to y, then from y to «y, then from «y to axg is a
quasi-geodesic. Therefore, there exists a constant c¢3 > 0 such that, if d(y, @y) > c3, then

d(x0, axo) > 2d(xg, y) +d(y, ay) — c3 > 2d(x9, y) + c2 — c3.

Note that, by the triangular inequality, d (xg, axg) < 2d(xo, ¥) + d(y, ay). In particular, if
d(y,ay) < ca, then d(xg, axg) < 2d(xg, y) + c2.
Hence,

PFO (y,y,8) = Z e*M(y,ay) + Z e*éd(y,ay)

aely a€ely
d(y.ay)<c d(y.ay)>c,
< Card{a € Iy : d(x0, axg) < 2d(y, x0) + c2}
+ £28d (y,x0) Z o~ 0d (x0.0x0)
aely
d(xg,ax0)>2d(y,x0)+c2—c3
The last sum is at most
Z Card{a € Ty : n < d(xg, axg) <n+ 1}e %",

neN
n=2d(y,xp)+cy—c3—1
Recall that, by assumption, there exists a constant ¢4 > 0 such that

1
— %" < Card{a € Ty : d(xg, axo) < n} < c4e®”.

C4
Hence
Pry(y,y,8) < 64850(2d(y,m)+c‘z) + ¢20d(y.x0) Z C4e‘30("+1)e*8”
neN
n>2d(y,xp)+cy—c3—1
(80—8)(2d(y,x0)+c2—c3—1)
< 04MCAG X0+ | ) 080,284 (r,x0) € = ¢5e200d(y.x0)
1 — b3
for some constant ¢s > 0 depending only on §, 8¢, c2, c3, c4.
Conversely,
—8d(y,ay
Pro(y,y,8) = Y e e
aely
d(y,ay)<cy

v

e %2Card{a € T : d(xo, axg) < 2d(y, x0) + ¢2 — 3}

o L g hoCdtrsorter—es—1) _ ¢ 2h0dr0)
cs

for some constant ¢ > 0 depending only on §, 8¢, c2, ¢3, c4.
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Since Pr, (xo, X0, ) does not depend on y, Proposition 4.2 follows from equation (i)
and the lower and upper bounds on Pr(y, y, §). O

For every rational line r, let y, be any representative of the double class in ['g\(I" —
I'g)/ g corresponding to » such that

d(xo, yrx0) = min d(xo, ayrBxo).
o,Bely

PROPOSITION 4.3. With the notation from §2, assume that e is a bounded cusp.
There exists a constant ¢ > 0 such that for every t > 0 and every rational ray r, if
Yr.t is the intersection point of v H; and the geodesic ray from y,xq to y,&o, then

1
—e PG (31) < oo (OooHr) < ce TP (y, ).
c

Proof. By the definition of o, and O (see §2), we have

Moo (OooHr,t) = Mg (OEO vrHp).

We start with a few preliminary remarks. By Lemma 3.5, there is a constant ¢;7 > 0
such that
d(Ho, yrHo) =< d(xo, yrxo0) < d(Ho, yrHo) + c7.

Recall from §2 that D(r) = d(Hy, yr Hp). The point y, x¢ lies at a uniformly (in ) bounded

distance from the geodesic ray between xg to y,&p, with its orthogonal projection to this

ray lying between xo and the orthogonal projection to this ray of y,;, for ¢ big enough.
Hence, there exists a constant cg > 0 such that for every rational line r and ¢t > 0,

ld(x0, yr,r) — D(r) —t]| < cs.
By the properties of the measure jig, (see §2.3), for every compact subset K of M — {&o0},

there exists a constant cg > 0 such that, for every £ in K,

1 du
— <) <.
€9~ dplx

In what follows, K will be any compact subset of M — {&0} containing the shadows seen
from & of every horoball y;,- Hy as r ranges over the rational lines. Such a K exists, since by
the choice of the representatives [y ], there exists R > 0 such that Og,y, Hy C Og, B(x¢, R)
for every rational line 7.

Step 1. Let us prove first the upper bound in Proposition 4.3.

By the properties of the Patterson—Sullivan measures (see §2.1), we have, with g the
Buseman function for M,

() = / dpy, &) > / disy,, () = / B0 g (£,
om E()VrHt OfoyrHt

Recall that xo (respectively y, ;) are at uniformly (in r, t) bounded distances from the
intersection point with Hy (respectively y;,- Hy) of the geodesic line between &y and y;,-&p.
Hence, there exists a constant cjo > 0 such that for every £ in O,y H;,

Be Or,t, X0) < —d(Yrt, X0) + C10-
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Hence,

() > e G0N / ity (€) = €035 DOT0 (O, o H)
OEQVrHt

L
> —e B0+ SO (O y, H)).
This proves the first step.

Step 2. Let us now prove the lower bound in Proposition 4.3.

For a contradiction, suppose that there exist a sequence of rational lines (r;);cN and

a sequence of non-negative real numbers (#;);cy With #; tending to 400, such that, with
Yi = Yrig and H; = Vr; Hy;,

1

¢(yl) S(II+D(rl))ng (OEOH )
tends to zero as i tends to co.

Let (X;, *;, d, , Gi)ieN be a sequence of pointed metr1c spaces with group of isometries,
where X; = M *i = yi,di = d,G; = I'. Since M has pinched negative curvature
-k < K < —1, up to extracting a subsequence, the sequence (X;, *;,d;, G;)ieN
converges for the equivariant pointed Hausdorff—-Gromov convergence (see [Fuk]) to a
proper CAT(—1) and CATop(—/c2) pointed geodesic metric space with group of isometries,
that we denote by (X oo, *c0, doo, Goo). In particular, the metric spaces (3 X;, dy,; ) converge
for the Hausdorff-Gromov convergence to (0 X0, d+,,). We fix a definite convergence
(Xi, *i) =i (X0, *c0) (see [Grol]), which induces a definite convergence 0 X; —; 0 X

Let vi = (1/¢(yi))y;, which is a probability measure on 9X;. Up to extracting a
subsequence, the metric measured spaces (9.X;, dx,, v;) converge to the metric measured
space (0Xoo, dxys Voo); see [Gro2, ch. 3%]. We may assume that if f; : dX; — R
are continuous maps converging to a continuous map f : dXo — R for the definite
convergence 0 X; — dXoo, then veo (f) = lim; o0 Vi (fi).

Since the horoball Hy is precisely invariant under I' and #; tends to +oo, for i big
enough, the only elements in G; which move the point %; less than any given constant are
parabolic. By taking iterates, there exists 0 < a < b < 400 and, for every i in N, some
«; in G; such that a < d;(ai*;, *;) < b. Hence, G is a non-trivial parabolic group
of isometries, fixing the point o = lim; y;, &y of dXso. Since v; is a Patterson—Sullivan
measure of dimension §; = § for G;, the measure v, is a Patterson—Sullivan measure of
dimension § for the isometry group Go on Xoo. Since G is parabolic and non-trivial,
any closed subset of d X, not containing £,, may be sent into any neighbourhood of &
by some element of G,. By the absolutely continuous property, the measure for v, of
any neighbourhood of &4, is, therefore, non-zero.

Recall that for every £ in 9M and every u, v in M, one has, by the triangle inequality,
Be(u, v) > —d(u, v). By the properties of the Patterson—Sullivan measures, we have

1
v,-<ogoH,-)—¢( i (s ,)_¢( 3 4010y (O, Hy)
1
beg__—  8(ti+D(ri) deg 3i+D(r)) .
<e (Og, H;) < coe e (O, H).
o0 Fot%o o000 Hoo T
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Hence, v; (Og, H;) tends to zero as i tends to +oo. The family of subsets Og, H; converges
for the definite convergence 0X; — 0X, Up to extracting a subsequence, to a subset
V of 0Xo which is a neighbourhood of &. Indeed, up to extracting a subsequence,
the points & € 9X; converge to £p.00c € 0Xoo; since the horoball H; is centered at
vr;&0 and passes through y;, the point *s, which is the limit of y; = x*;, belongs to the
geodesic between &y o and £, and V is the shadow seen from &y o, of the horosphere
centered at £ and passing through *x,. Let U be an open neighbourhood of &4, such

that U C\;. Let f be a continuous map, with support contained in U, bounded by 1,
with value 1 in some neighbourhood of &4. It is easy to construct continuous maps
fi 1 X; — R with support in Og H;, bounded by 1, which converge to f under
0X; — 0Xoo. Since v;(f;) < vi(Og H;), it follows that voo (f) = lim; 00 vi(fi) = 0.
This contradicts the fact that £, belongs to the support of the measure voo. a

Proof of Theorem 4.1. Note that yr’l ¥r.¢ 1s the point at distance ¢ from x( on the geodesic
between xo and &). Hence, by the invariance of ¢ and by Proposition 4.2, one has
dOrr) = qb(y,’l V) X e(%0=9!  The result then follows from Proposition 4.3. O

5. The Khintchine—Sullivan theorem in variable curvature

Amap f : Ry — Ry iscalled slowly varying if it is measurable and if there exist constants
B > 0and A > 1 such that for every x, y in Ry, if |[x — y| < B, then f(y) < Af(x).
This implies, in particular, that f is locally bounded, hence locally integrable. Note that f
is slowly varying if and only if there is a constant C > 1 such that for every x, y in R,
if |x — y| < 1, then |log f(x) —log f(y)| < C. In particular, if log f is Lipschitz, then
f is slowly varying. If f is slowly varying, with C as before, then for every € > 0 and
N e N,

e NN f(Nn)© < /oof(t)edt < NN F ()~
n=1 N n=1

Let d be the Hamenstiddt distance on the set of geodesic lines starting from co in My
(see §2.3).

THEOREM 5.1. With the notation of §2, assume that e is a bounded cusp, fx(t) < edt,
and fz () < e Let f 1 Ry — Ry be slowly varying. Let E(f) be the set of
geodesic lines & in My starting from oo such that there exist infinitely many rational
lines r in My with doo(€E,7) < f(D(r))e’D(r). Then oo (E(f)) = 0 if and only if
the integral floo F£(6)20=%) 4t converges and oo CE(f)) = 0 if and only if the integral
[ (7% dt diverges.

Note that Theorem 1.3 in the introduction then follows from Lemma 3.6. By the remarks
following Theorem 4.1, the assumptions of Theorem 5.1 imply that I' is of divergent type
and that 69 < §. We start the proof of Theorem 5.1 by some reduction on f.

LEMMA 5.2. For every constant n > 0, to prove this theorem, it is sufficient to prove it
when, furthermore, f(t) <n foreverytinR,.
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Proof. Let f : Ry — Ry be slowly varying. For n > 0, let f’ = inf{n, f}, which is also
slowly varying. Assume that Theorem 5.1 holds for f’. Let us prove that it holds for f.
Let F be the set of ¢ in Ry such that f(t) > n.

If F is bounded, then E(f) = E(f’) since there are only finitely many rational lines
r with D(r) less than a constant. The convergence of the integral of f2(—%) does not
depend on the values of f(¢) for ¢ less than a constant. Hence, Theorem 5.1 holds for f if
and only if it holds for f’.

Assume that F is unbounded. Since f is slowly varying, the integral of f2(6—%)
diverges, as well as the integral of (f/)2(=%) Note that E(f’) C E(f). If the theorem
holds for f/, then poo(CE(f')) = 0. Hence, noo(CE(f)) = 0, so that the theorem holds
for f. O

In particular, we assume from now on that f(z) < 1.

By Theorem 3.4 and Lemma 3.3, there exist c'1 > 0 and an integer N > 1 such that for
every n in N, the number N, (n) of rational lines r such thatn < D(r) < n + N satisfies

Cl_/lean < -/\[c//(”) < cqun’
Define H,, y = Hy,_10g fop(r) With the notation of §2.3. Let A, be the set of shadows seen
from oo of the H,. s’s where r ranges over the rational lines with Nn < D(r) < (n +1)N.
Define A, = UA,, which is a subset of d M. The proof of Theorem 5.1 is based on the
next two propositions.

PROPOSITION 5.3. The sum ZZOZO Uoo(Ap) diverges if and only if the integral
[° £2C=%) diverges.

Proof. We start with the following lemma.

LEMMA 5.4. For every A > 0, there exists B > 0 such that the following holds. Let X
be a CAT(—1) space, and &y, &1, & be distinct points at infinity of X. Let H; fori = 1,2
be horospheres centered at &; respectively, bounding disjoint open horoballs. Let x; be the
intersection point with H; of the geodesic line between &y and &;. Fort > 0, let H;; be
the horosphere centered at &;, contained in the horoball bounded by H; and at distance t
Sfrom H;. If | Bg, (x1, x2)| < A, then the shadows seen from &y of Hy g and Hy g are disjoint.

Proof. By the techniques of approximation by trees (see [GH, p. 33] or [CDP, Ch. 8]), this
lemma follows from the particular case when X is a tree 7' (though the constant B might
be worse). See Figure 2.

Let B = A/2 + 1. As a preliminary remark, note that if &, £" are distinct ends of the
tree T, if H is a horosphere centered at & and x is the intersection point with H of the
geodesic line between & and &', then O H = O¢x, since any geodesic line starting from &
that meets H has to go through x.

With the notation of the claim, we consider two cases. Either x; belongs to the
geodesic between &y and x7, or it does not. In the second case (assuming that x, does
not belong to the geodesic ray between x| and &p, otherwise the situation is symmetric to
the first case), the shadows (seen from &p) of x; and of x, are disjoint, hence the shadows
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FIGURE 2. Separating shadows in trees.

of Hi;, Hy, are disjoint for any + > 0. Assume that the first case holds. In particular,
d(x1, x2) = |Bg (x1, x2)| < A. (Though we will not need it, note that the shadow of Hj is,
hence, contained in the shadow of Hj.) Since H; and H; bound disjoint open horoballs,
the point x, does not lie in the open horoball bounded by Hj. Hence, the intersection of
[x1, x2] with the geodesic ray between x| and & has length at most A/2. It follows that
the shadows seen from &y of Hy p and H> g are disjoint. O

We now prove Proposition 5.3. By Lemma 5.4, there exists a constant ¢, > 0
(depending only on N) such that for every n in N and all distinct rational lines r, r’ with
Nn < D), D(r') < N(n + 1), the intersection of (’JOC,HM/2 and OooHr/,C/z is empty.
By the reduction argument on f, we assume from now on that f(r) < e~ for every f.
In particular, O Hy, ¢ is contained in Oxo H,. ¢ Hence, the union A, = UA, is a disjoint
union. By Theorem 4.1, we then have

Hoo(An) = Z Moo (OooHr,f) = e3P (1)+2(8—30) log foD(r)
Nn<D(r)<N(n+1) Nn<D(@r)<Nn+1)
Since f is slowly varying, we have
foo(Ap) < N (Nn)e 0N +206=80)log [(Nm) £ () 2(6=00)
e .

Since f is slowly varying, thesum ), .y f(N n)2(=%) converges if and only if the integral
1+°° £ ()?0=%)dr converges. This proves Proposition 5.3. a

PROPOSITION 5.5. There exists a constant ¢ > 0 such that if n, m are distinct integers,
then
Moo(An N Am) < cltoo(An) oo (Am).

Proof. We start with the following lemma.

LEMMA 5.6. For every A > 0, there exists a constant c(A) > 0 such that the following
holds. Let X be a CAT(—1) space and &, &1, & be distinct points at infinity of X. Let H;
fori = 1,2 be horospheres centered at &; respectively, bounding disjoint open horoballs.
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(¢]

o

&1

FIGURE 3. Overlapping shadows in trees.

Let x; be the intersection point with H; of the geodesic line between &y and &;. Fort > Q,
let H;; be the horosphere centered at &;, contained in the horoball bounded by H; and at
distance t from H;. Assume that g, (x1, x2) < A. Lett > c(A) be such that Og,H ; and
Og,Ho,; meet. Then Og, H, is contained in Og, H\ ;.

Proof. By the techniques of approximation by trees (see [GH, p. 33] or [CDP, Ch. 8]),
this lemma follows from the particular case when X is a tree T (though the constant c(A)
might be worse). See Figure 3.

In the case of a tree, one can take c(A) = A/2 + 1. Indeed, lett > A/2 + 1 and
fori = 1, 2, let x; ; be the intersection point with H; ; of the geodesic line from & to &;.
Note that x; is contained in the geodesic ray from &y to x;, for i = 1,2. Since Og H ;
and Og, H; ; meet, and by the preliminary remark in the proof of Lemma 5.4, there exists
a geodesic line L starting from &y which passes through both x; ; and x3 ;.

Suppose that L goes first through x» ;, then through x; ;. Since Hj, H; are disjoint, the
points x2, x2 4, X1, X1, are in this order on L and

Bgy (x1, x2) = d(x1,x2) = 2t > A,

a contradiction. Hence, L goes first through x ;, then through x7 ;.

Since Hj and H» are disjoint, the geodesic line L, which enters H; at x1, has to exit H;
at a point x; such that x1, x1 4, x; , X2, x2,; are in this order on L. Hence, every geodesic
line starting from &y which meets H» has to go through Hj ;. This says exactly that Og, H>
is contained in Og, Hy ;. 0

Let us now prove Proposition 5.5. With the notation of Lemma 5.6, let ¢ = c(0).
Assume that n < m. Let Ry be the set of rational lines » with Nk < D(r) < Nk + 1).
To simplify notation, let O, f = O H,. 5.

By the reduction argument on f, we may assume that f () < e~ for every f.
By Lemma 5.6, for all rational lines r, " with D(r) < D(r"), if O, 5 meets O,. r, then
OocH, is contained in Oy 7.
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Since A, = U, g, Or,f» we have

Moo(Am N Ap) £ Y ftoo(Am N Or )

reRr,

= Z Z ,U«oo(or’,fmor,f)

r€R, r'eRy, :O,/'f NO, s #0

=> > 1o (O, p).
r€R, r'eRy, :O,/'f NO, s #0

For r in R,, let I, be the number of r" in R,, such that O, ; meets O, . By
Theorem 4.1 and since f is slowly varying, there exists a constant ¢j, > 0 such that
oo(Oyr f) < cleSNmFT2(6=00)log f(Nm) for every r' in R,,. Hence,

Loo(Am N Ap) < CilefSNerZ(:SfSo)logf(Nm) Z 1.
reRr,

The cardinal of R,, which is N/(Nn), is at most c’le‘w". Let us give an upper bound
on /,. By the definition of ¢/, in the proof of Proposition 5.3, for every k in N, the shadows
OxH,, ¢ for p € Ry are pairwise disjoint. By Theorem 4.1 and since f is locally bounded,
there exists a constant cg > 0 such that e (O Hr/,c/z) > cge’SNm for every r’ in R,.
Hence,

che M, < > 1oo(OccHyr ) < 1100(Oy p),
' €Rm:0,1 MOy 1700

so that I, < (l/cg)e‘wm,uoo((’)r,f). By Theorem 4.1, and since f is slowly varying, there
exists a constant c¢g > 0 such that

I, < C/6€8Nm€78Nn+2(8780)logf(Nn).

Hence,
foo (A N Ay) < (Cie—stJrz(S—so)1ogf(1vm))(c/1 e(SNn)(ClﬁeBNme—SNn+2(5—60) lcvgf(Nn))
= | cjel f(Nn)?C=%0) f(Npm)2@=00),

But we have seen in the proof of Proposition 5.3 that oo (Ar) < f(N k)2(3=%) Hence,
Proposition 5.5 follows. a

Proof of Theorem 5.1. For every rational line r and every geodesic line & starting from oo
in My, let d(;o (&, r) be the lower bound of the e~ for # > 0 such that & meets H, ;. That is
d. (&,r) < e "if and only if £ meets H,,.

According to [HP2], there is a constant c’7 > 0 such that

1 _

—doo(€,7) < e PO (&, 1) < chdo (&, 7).

“

In particular, if the endpoint of £ belongs to Ox H;, f, then d. (§,r) < e~ (~log foD(r)
hence dog (£, 1) < ¢ f o D(r)eP"). Conversely, if doo(§,7) < (1/c}) f o D(r)e P,
then d/ (§,r) < e~ (=1log foD(). hence, the endpoint of & belongs to O H,, 1.
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Define Aoo = (,eny Uk>n Ak> Which is the set of points in d M belonging to infinitely
many A,’s. Note that Aso is contained in the subset To\(AT — {&}), since the orbit under
I" of the parabolic point &y is dense in the limit set of I".

By these arguments, if the endpoint of £ belongs to A, then there are infinitely many
rational lines r such that d(§,7) < ¢, f o D(r)e~P") . And if there are infinitely many
rational lines r such that do (&, r) < (l/cg)foD(r)e*D(’), then & belongs to A,. With the
notation in the statement of Theorem 5.1, we then have

E <i/f) C Axo C E(c5f).

¢7

Note that the convergence or divergence of the integral |, loo f2@=%) is unchanged if
one replaces f by Af for any A > 0. Hence, to prove that peo (E(f)) > 0 if and only if
[1° £207%) diverges, it is sufficient to prove that oo (Ao) > 0if and only if [ f2¢—%)
diverges.

We use the following result whose proof can be found, for instance, in [Spr].

THEOREM 5.7. Let (Y,v) be a probability space. Let (By),eN be a sequence of
measurable subsets of Y such that there exists a constant ¢ > 0 with v(B, N By) <
cv(By)v(By) for all distinct integers n, m. Let Boo = ),y Ug>n Bk- Then v(Bs) > 0
if and only if "7 v(By) diverges. -

We now use Propositions 5.5 and Proposition 5.3 and apply the previous result with
Y = Mo, v = foo, By = Ay, to obtain that ueo (E(f)) > 0 if and only if [ f26=%)
diverges. This is the first conclusion of Theorem 5.1.

Assume that floo £206=%) diverges. Let us prove that peo (CE(f)) = 0, which proves
the second conclusion of Theorem 5.1.

Let g : [0, 400[ — ]0,4o0[ be a map decreasing to O such that floo(gf)z(a—ao)
diverges. Let E’(f) be the set of geodesic lines & in My starting from oo such that there
exist ¢ > 0 and infinitely many rational lines r in Mo with doo(&,7) < cf(D(r))e P,
Since E(gf) C E'(gf), the first conclusion of Theorem 5.1 implies that 1o (E'(gf)) > 0.
It is clear that the union of {£p} and of the pre-image in M of E' (gf) C dMy is invariant
under I'.

Since T' is of divergent type, the action of I" on dM for the Patterson—Sullivan
measure is ergodic, see, for instance, [Rob]. By [DOP], since & is a bounded parabolic
point and T" is non-elementary of divergent type, the measure (Lo has no atom at &.
By ergodicity, oo (CE’(gf)) = 0. But E'(gf) C E(f) since g is decreasing to 0. Hence
Koo CE(f)) = 0. O

6. The logarithm law for the geodesic flow in variable curvature

Define a map A, : M — R that describes the penetration distance into the maximal
Margulis neighbourhood V, of the cusp e, by A.(x) = —1 if x does not belong to V,, and
Ao(x) = d(x, 9V,) otherwise.
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COROLLARY 6.1. With the notation of §2, assume that e is a bounded cusp, fz(t) < et
and fz (1) < e For every y in M and almost every v in Ty1 (M) (for the Patterson—
Sullivan measure), we have

i Ae(yu(1)) 1
im sup = .
t—>+o0  logt 2(8 — o)

Proof. We will apply Theorem 5.1 to the functions f,(f) = t—*. Note that the integral
[ (f)¥3=2%) diverges if and only if & < 1/2(8 — 89).

In what follows, the variable £ denotes a geodesic line starting from oo in My, with
endpoint in the (full measure for () image in d Mo of AT" — {&p}. Take as the origin £(0)
on £ its intersection with Hxo.

By the definition of the Hamenstidt distance, there exists a constant c’l/ > ( such that,
for every & and every rational line r in Mg such that £ enters HB,, if & is the tangency
point to some H,; for some ¢t = t¢ , (i.e. & is the deepest penetration point of & in HB,),
then

eTPOTI < do(g,r) < e PO ®

With this notation, there also exists a constant ¢) such that the length £¢(r) of the
subsegment between the origin of £ and &, satisfies

D(r)+tg, —ch < Le(r) < D(r) + 1, + 5.

If mp : Mo — M is the canonical covering map, by the properties of the maximal Margulis
neighbourhood, and since e is bounded, there exists a constant c’3/ > ( such that

ter — ¢4 < Ae(mo(§r)) <tz + 5.

Let k, = 1/2(8 — 80) + 1/n. By the first part of Theorem 5.1, for almost every &,
except for finitely many rational lines r, dwo(§,7) > fi, (D(r))e~P") . Hence, by the
formula (), for almost every &, we have t¢ , < k,log D(r) + c’l’ for every (except finitely
many) rational line r such that £ enters HB,. In particular, for almost every & for every real
constant ¢, as r goes to infinity in the discrete set of rational lines with £ meeting HB,, we
have log D(r) ~ log(D(r) + tz » + c). Therefore, for almost every &,

Ac(mo(6r)

lim sup W < Kn,

where the upper bound is taken as r goes to infinity in the discrete set of rational lines with
& meeting HB,.

Similarly, by the second part of Theorem 5.1 using the function f; withx = 1/2(5—480),
for almost every &,
Ac(mo(§r))
— 2 >k

log £g(r)

where the upper bound is taken as before. Removing countably many sets of measure zero,
we get that, for almost every &,

lim sup

Acmo&) _

log £s(r) g

lim su
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Now let y be a point in M, and choose a lift y of y in M. Letv > ¥ be the map
TylM — T;‘IVI induced by the covering map 7. Note that & is not an atom for the
Patterson—Sullivan measures (see [DOP]).

The complement in TylM of the vector vg such that Ty points towards &y, which has
full Patterson—Sullivan measure, can be covered by countably many open subsets U such
that the following holds: there exists a relatively compact small open subset U of geodesic
lines in M starting from &g, with U embedding in My under 7, such that U is the subset
of vectors v in Ty1 M such that v points towards the endpoint of some element E = E(v)
inU.

Note that y and E become arbitrarily close towards their common point at infinity, so
that the geodesic ray and line y, and J?(E) have the same asymptotic behaviour inside the
maximal Margulis neighbourhood V, of e.

Let ¢ = ¢(v) be the image of E in Myp. Since uy and g, are absolutely continuous,
the map v — ¢ (which is a homeomorphism onto its image) preserves the sets of measure
zero. For every v in U, if t > 0 is such that y,(¢) is the maximal penetration point in V,
of some connected component of int(V,) N y,(R), then there is a constant CX > 0and a
rational line r such that

|Ae(m0(8r) = Ae(yu()] < .

Note that there is a constant cg’ > 0 such that

It = ()] < 1dgg (5. () — d(ya(@). TO)] + ¢ < d (3. 2(0)) + ¢4,

which is uniformly bounded.
Hence Corollary 6.1 follows from formula (7). O

COROLLARY 6.2. With the notation of §2, assume that M is geometrically finite, and that
fr () =< %" and similarly for every cusp. Assume that 8y is the biggest critical exponent
of the parabolic subgroups of the cusps of M. For every y in M and almost every v in
Tyl M (for the Patterson—Sullivan measure),

5 du(y, yu(1)) 1
1m sup = .
PN logt 2(8 — 8o)

Theorem 1.4 in the introduction immediately follows from this corollary.

Proof. Note that fz(t) < €% by Lemma 3.6. Since M is geometrically finite, it has only
finitely many cusps and 77 (CAT) is the union of a compact subset and the (intersections
with 7(CAT) of the) finitely many maximal Margulis neighbourhoods of the cusps.
The result then follows from Corollary 6.1, by considering the excursions of the geodesics
in the different cusps. a
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