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UBIQUITY OF GEOMETRIC FINITENESS IN BOUNDARIES OF
DEFORMATION SPACES OF HYPERBOLIC 3-MANIFOLDS

By RicHARD D. CANARY and SA'AR HERSONSKY

Abstract. We show that geometrically finite Kleinian groups are dense in the boundary of the
quasiconformal deformation space of any geometrically finite Kleinian group.

1. Introduction. In this paper we prove that geometrically finite hyperbolic
manifolds are dense in the boundary of the quasiconformal deformation space
of any geometrically finite hyperbolic 3-manifold. Our main result generalizes
the fact, established in [17], that maximal cusps are dense in the boundaries
of quasiconformal deformation spaces of hyperbolic 3-manifolds with connected
conformal boundary. Both this paper and its predecessor [17] make central use
of techniques developed by McMullen in his proof that maximal cusps are dense
in the boundary of any Bers Slice [35].

It will be convenient to formalize the statement of our main result using the
language of pared manifolds. A pared manifold (M, P) consists of a compact,
irreducible, oriented 3-manifold M and a collection P of disjoint incompressible
annuli and tori in OM such that:

(1) If A is an abelian subgroup of (M) which is not cyclic, then A is
conjugate into the fundamental group of a component of P, and

(2) every map ¢ : (S' x I,S' x OI) — (M, P) that is injective on the funda-
mental groups, is homotopic, as a map of pairs, into P.

If G is a torsion-free group and p : G — PSL;(C) is a discrete faithful
representation, then N, = H?/p(G) is a hyperbolic 3-manifold. The domain of
discontinuity €(p) of p(G) is the largest open subset of C on which p(G) acts
properly discontinuously. The quotient d.N, = Q(p)/p(G) is the conformal bound-
ary of N,. We will say that p is geometrically finite if N,UO.N, is homeomorphic
to M, — P,, where (M,, P,) is a pared 3-manifold. (For a discussion of several
equivalent definitions of geometric finiteness, see Bowditch [10].) We say that p
is a maximal cusp if p is geometrically finite and every component of M, — P,
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is a thrice punctured sphere. (In McMullen [35] a maximal cusp in the boundary
of a Bers Slice has a different, but analogous, definition.)

A discrete faithful representation p : m; (M) — PSL,(C) is a geometrically
finite uniformization of the pared 3-manifold (M, P) if there exists an orientation-
preserving homeomorphism 2 : M — P — N, U O.N, in the homotopy class
determined by p. Let GFy(M, P) denote the space of (conjugacy classes of) ge-
ometrically finite uniformizations of (M, P). If P is empty, then GFo(M, () is
sometimes denoted CCy(M), as in [17]. If pg € GFy(M, P), then GFy(M, P) is
the space of all (conjugacy classes of) representations quasiconformally conjugate
to po. Thurston’s geometrization theorem (see Morgan [37] for a statement in the
language of pared manifolds) implies that GFy(M, P) is always nonempty if OM
is nonempty.

The space GFo(M, P) naturally sits as a subset of the space AH(m (M), m1(P))
of all (conjugacy classes of) discrete faithful representations p : m (M) —
PSL,(C) such that p(g) is parabolic if g is conjugate to an element of 7 (P). If P
consists only of the toroidal boundary components of M, then AH(7;(M), 71(P))
is simply denoted by AH(m(M)). One may think of AH(m (M), m(P)) as the
space of all (marked) hyperbolic 3-manifolds homotopy equivalent to M which
have cusps in the homotopy classes associated to components of P.

In this language our main theorem becomes:

MAIN THEOREM. Let (M, P) be a pared 3-manifold such that w(M) is non-
abelian and OM — P is nonempty. Then conjugacy classes of geometrically finite
representations are dense in the boundary of GFo(M, P).

Remark. 1f OM = P, then Mostow-Prasad rigidity [39, 40] implies that
GFy(M, P) = AH(m1(M), 1 (P)) consists of at most two points. If 71 (M) is abelian,
all the representations in AH(m(M), m(P)) are elementary and the space can be
described quite explicitly.

One nearly immediate corollary of our result is that manifolds with arbitrarily
short geodesics are topologically generic in the boundary of GFy(M, P).

COROLLARY A. Let (M, P) be apared 3-manifold with nonabelian fundamental
group such that OM — P is nonempty. Then the set of conjugacy classes [p] €
OGFo(M, P) such that N, contains arbitrarily short geodesics is a dense Gs subset
of OGFy(M, P).

Motivation. Thurston’s Ending Lamination conjecture provides a conjec-
tural classification of the representations in AH (7w (M), 71(P)) and the geometri-
cally finite representations correspond to the “rational points” in this classifica-
tion, so we may think of our result as saying that rational points are dense in the
boundary of GFy(M, P).

We illustrate this analogy with the example of the space of punctured torus
groups. In this case (M,P) = (F x I,0F x I) where F is a punctured torus.
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Bers’ Simultaneous Uniformization Theorem [6] implies that GFy(M, P) may be
parameterized by 7 (F) x 7 (F). The Teichmiiller space 7 (F) of all finite area
hyperbolic structures on F may be identified with H? and the “boundary” of
H? is identified with R = R U {co}. Minsky [36] proved that one may extend
Bers’ identification of GFy(M, P) with H? x H? to a one-to-one correspondence
between AH(m(M), w1(P)) and H2 x H2 — A where A denotes the diagonal in
OH? x OH?. In this correspondence, a representation corresponding to a point in
H? x H? — A is geometrically finite if and only if both of its coordinates lie in
H2U Q. Although this correspondence is geometrically natural, it is also known
not to be a homeomorphism (see section 12.3 of Minsky [36]).

Let GF(m(M),m(P)) be the space of minimally parabolic, geometrically
finite representations in AH(w (M), w1(P)). (A representation [p] € AH(m (M),
w1 (P)) is minimally parabolic if p(g) is parabolic only if g is conjugate to an
element of 7(P).) Marden [29] and Sullivan [43] proved that GF (7 (M), 71 (P))
is the interior of AH(m (M), m1(P)) as a subset of the character variety X(m(M),
m1(P)). Yair Minsky (with coauthors Brock and Canary) has recently announced
a proof of Thurston’s Ending Lamination Conjecture for manifolds in AH (71 (M),
m1(P)) in the case that OM — P is incompressible. This result implies that
GF(mi(M), 7 (P)) is dense in AH(m; (M), 7(P)) when OM — P is incompress-
ible. (Bromberg [15] and Brock-Bromberg [13] had previously established that
minimally parabolic representations in AH (7 (M), m1(P)) lie in the boundary of
GF(m (M), 7 (P)) if OM is incompressible and P consists only of tori.) Since
every point in GF(m(M), 7((P)) lies in GFo(M’, P") for some pared manifold
(M', P"), we may combine our result with Brock, Canary and Minsky’s result to
obtain:

COROLLARY B. Let (M, P) be a pared 3-manifold such that every component
of OM — P is incompressible. Then conjugacy classes of geometrically finite rep-
resentations are dense in the boundary of AH(wi(M), w1(P)).

Remark. In a remark at the end of Section 3 we explain how one may use
Brock, Canary and Minsky’s result in place of our key estimate (Theorem 9.1)
to give a different proof of our Main Theorem in the case that OM — P has
incompressible boundary.

Acknowledgments. The authors would like to thank Ken Bromberg, Yair
Minsky and Peter Shalen for useful conversations about the subject matter of
this paper. Part of the work on this paper was done during a visit of the second
author to Caltech. He would like to deeply thank Caltech for its hospitality and
support.

2. Background. In this section we collect background results which will be
useful in the proof. We are then able to give an outline of the proof in Section 3.
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2.1. Representation spaces and their metrics. Let (M, P) be a pared 3-
manifold such that 7 (M) is nonabelian. We let R(mw (M), 71 (P)) denote the set
of representations p : w1(M) — PSL,(C) such that p(g) is either parabolic or the
identity element if g is conjugate to an element of m((P). Let D(m (M), 7 (P))
be the closed subset of discrete faithful representations in R(m(M), w1 (P)). We
give both D(m(M), 71(P)) and R(m(M), 71(P)) the compact-open topology.

The space AH(m (M), m1(P)) is simply the quotient of D(m (M), 7 (P)) by
PSL,(C), acting by conjugation. It sits naturally as a subset of the character vari-
ety X(m(M)), m1(P)) which is the algebreo-geometric quotient of R(7(M), 71 (P))
by PSL,(C), see Morgan-Shalen [38] for details.

One may find a finite collection of elements of (M) whose squared traces
give rise to a proper embedding of AH(m (M), 71 (P)) into C™ for some m (see, for
example Proposition 2.2 in [17]). If g € m(M), let 74(p) denote the square of the
trace of p(g), then 7, is a well defined continuous function on R(m(M), 71 (P)).
Since T, is invariant under conjugation, it descends to a continuous function
Ty t AH(m (M), m1(P)) — C.

PROPOSITION 2.1. Let M be a compact, orientable, irreducible, atoroidal 3-
manifold whose boundary has a nontorus component. Then there exists a finite set
{ai,...,an} of primitive elements of w(M) such that:

(D) i [p1],[p2] € AH(m1 (M) and 74,([p1]) = To,([p2)) foralli =1,...,m,
then [p1] = [p2]; and
(2) given any K > 0, the set

{lp] € AH(m (M) | Y |70i(p)] < K}
i=1

is compact.

If A=/{aj,...,an} is a collection of primitive elements of 7;(M) which
satisfies conditions (1) and (2) of Proposition 2.1 then we call A an allowable
collection of test elements. The map 7 : AH(w (M), m1(P)) — C™ given by 7(p) =
(Ta,(P), - . . Tam(p)) is a proper embedding of AH(m(M), m(P)) into C™. Let d 4
be the metric on AH (71 (M), 71(P)) which it inherits as a subset of C™. Explicitly,

da(lpil, [pa)) = J > [a[o1]) — T (2D 2.

i=1

2.2. Cores of 3-manifolds. If N = H"/T is a hyperbolic manifold, then
the e-thin part Ny 1s the set of points in N of injectivity radius less than e.
There exists p > 0 (called the Margulis constant) such that if N is any hyperbolic
3-manifold and € < p, then any unbounded component of Ny i the quotient
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of a horoball in H? by a parabolic subgroup of T'. In particular, each unbounded
component of Ny is homeomorphic to S ' R x (0,00) or S x §' x (0, 00).
The components homeomorphic to S' x R x (0, cc) are called rank one cusps and
the components homeomorphic to S' x S! x (0, 00) are called rank two cusps.
(See Chapter D of Benedetti-Petronio [5] for details.)

It will be useful in the proof of Proposition 6.1 to bound the growth of
injectivity radius as one travels away from a point in a cusp. Suppose that x lies
in a cusp of Nyjin(u)- Then there exists a lift X of x to H? and a parabolic element
v of I" such that d(x, y(x)) = 2injy(x). One may then check (see, for example,
part (iii) of Theorem 7.35.1 of Beardon [4]) that if d(y,x) = K, then

d3,~(3)) < sinhd(, 7)) < " sinh (d(F, 7(X))).
Therefore, if y € N, x lies in a cusp of Nyin(,) and d(x,y) < K, then

K
M injyy(y) < - sinh (2 injy(x)

If N = H?/T is a hyperbolic 3-manifold, its convex core C(N) is the quotient
of the convex hull CH(A(I')) of its limit set A(T") by I'. The nearest point retraction
r : N — C(N) takes each point in N to the nearest point in C(N). It extends
continuously to a map 7 : NU 9N — C(N). If T is finitely generated and A(T")
does not lie in a circle in C, then 7 is properly homotopic to a homeomorphism.
(See Epstein-Marden [19] or Thurston [44] for an extensive discussion of the
nearest point retraction and the convex core.)

Canary [16] showed that an upper bound on the length of a closed curve in
O-N gives an upper bound on the length of the corresponding closed geodesic
in OC(N). (The conformal boundary O.N is always given its associated Poincaré
metric in this paper.) We recall, see Epstein-Marden [19], that 9C(N) is a complete
hyperbolic surface in its intrinsic metric.

THEOREM 2.2. Let N be a hyperbolic 3-manifold with finitely generated funda-
mental group and let v be a closed geodesic of length L in O.N, then

L
lacowy(F(7)*) < 45Le>

where 7 : N U O.N — C(N) is the nearest point retraction and 7(y)* is the closed
geodesic in OC(N) in the homotopy class of r().

If € < p, then we let N? be obtained from N by removing the unbounded
components of its e-thin part. Let C(N). = C(N)NN? and P(N). = C(N)NON?. If
N is geometrically finite and A(I') does not lie in the circle, then C(N) — C(N) is
homeomorphic to P(N), x (0,00) (for any ¢ < p) and (C(N),, P(N),) is a pared
manifold, see section 6 of Morgan [37].
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A compact core C for a manifold D will be a compact submanifold such that
the inclusion map is a homotopy equivalence. (When one is not working in the
setting of aspherical manifolds one sometimes only requires that the inclusion
map induce an isomorphism on the fundamental groups.) We say that (M, P) is
a relative compact core for NS (or for C(N),) if M is a compact core for Ng (or
for C(N).) and M intersects each component of 8NS in a connected submanifold
which is a compact core for that component. It follows from work of McCul-
lough [34] and Kulkarni-Shalen [28] that NS and C(N). have relative compact
cores if w1 (N) is finitely generated. Moreover, if R is a compact submanifold of
OC(N) N C(N)., then there exists a relative compact core for C(N). such that
M N (OC(N)N C(N)e) = R (see McCullough [34].)

Proposition 1.3 of Bonahon [9] asserts that the ends of NS are in one-to-one
correspondence with the components of OM — P if (M, P) is a relative compact
core for NV. (Although Proposition 1.3 is stated only for the case where OM — P is
incompressible, the proof goes through in the same manner in the general case.)
In particular, each component of N° — M is a neighborhood of exactly one end
of N and each end of N? has a neighborhood of this form. An end is said to be
geometrically finite if the associated component of N? — M contains a component
of N — C(N,). Otherwise, the end is said to be geometrically infinite. A hyper-
bolic 3-manifold N with finitely generated fundamental group is geometrically
finite if and only if all the ends of ]V? are geometrically finite (see page 81 of
Bonahon [9]).

It will be useful to note that ends associated to thrice-punctured spheres in
OM — P are geometrically finite.

LEMMA 2.3. Suppose that N is a hyperbolic 3-manifold with finitely generated
fundamental group, ¢ < u, and (M, P) is a relative compact core for N?. If a
component F of OM — P is a thrice punctured sphere, then the associated end of
NU is geometrically finite.

We first recall (see Lemma 2.4 below) that a free Kleinian group generated by
two parabolic elements whose product is also parabolic is necessarily Fuchsian,
i.e., preserves a round disk in C. See, for example, Theorem IX.C.1 of Maskit
[32]. (Note that although Maskit assumes in his statement that these are the only
conjugacy classes of parabolics, this is not used in the proof.)

LeMMA 2.4. Let T be a Kleinian group generated by parabolic elements v, and
2 such that 17y, is parabolic. Then T is a Fuchsian group.

Proof of Lemma 2.3. The surface F must be incompressible since each
simple closed curve in Z is homotopic to a core curve of a component of P,
and hence homotopically nontrivial in M. If N = H3 /T, then the subgroup of T
associated to m((F) is freely generated by two parabolic elements whose product
is parabolic, so the subgroup must be Fuchsian, and the end associated to ' must
be geometrically finite. O
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2.3. Pared manifolds and pinchable collections of curves. We recall that
(X, Y) is a 3-manifold pair if X is a 3-manifold and Y is a subsurface of 0X. The
pair (X, Y) is said to be compact and irreducible if X is compact and irreducible.
We will say that the pair (X, Y) has relatively incompressible boundary if every
component of 9X — Y is incompressible in X.

We say that a pared manifold (X, Y) is acylindrical if it has relatively incom-
pressible boundary and every incompressible embedded torus in X or properly
embedded incompressible annulus in X with boundary in X — Y is parallel into
OX—Y or parallel into Y. (A properly embedded surface W such that 9OW C 9X—Y
is parallel into DX — Y, if there exists a subsurface W’ of X — Y such that W and
W’ bound a region in X homeomorphic to W x I such that W is identified with
W x {0}, W' is identified with W x {1} and OW x [0,1) C OX — Y. Similarly,
W is parallel into Y if there exists a component W’ of ¥ which bounds a region
in X of the same form as above.)

It is a consequence of Johannson’s Classification theorem [25]—see Lemma
X.23 in Jaco [24] for a statement in language similar to ours—that any homotopy
equivalence of pairs between an acylindrical pared manifold and a compact,
irreducible manifold pair with relatively incompressible boundary is homotopic
to a homeomorphism of pairs.

THEOREM 2.5. Let (M, P) be an acylindrical pared 3-manifold and (1\71 IA’) a
mamfold pair with relatively incompressible boundary. Suppose that f : (M, P)
(M,P) is a map of pairs, f is a homotopy equivalence, and f|p : P — Pisa
homeomorphism, then f is homotopic to a pared homeomorphism.

We say that a pared manifold (M, P) is maximal if each component of OM — P
is a thrice punctured sphere. The observation that a maximal pared manifold is
acylindrical plays a key role in the proof of Proposition 8.1.

LeEmMA 2.6. If (M, P) is a maximal pared manifold, then (M, P) is acylindrical.

Proof of Lemma 2.6. 1f (M, P) did not have relatively incompressible bound-
ary then there would be a homotopically nontrivial simple closed curve « in
OM — P (by Dehn’s Lemma) which is homotopically trivial in M. But, since each
component of OM — P is a thrice punctured sphere, o must be homotopic to the
core curve of an annular component of P and hence cannot be homotopically
trivial in M.

If W is an incompressible torus in M, then 71 (W) is identified with a rank two
free abelian subgroup of 71 (M), so W is homotopic into a toroidal component Py
of P. Since W and Py are both embedded, they must bound a product region, so
W is parallel to Py (see Lemma 5.3 in Waldhausen [47]).

If W is a properly embedded incompressible annulus with boundary in OM —
P, then each component of QW is parallel to the core curve of a component of P
(since each component of OM — P is a thrice punctured sphere). Therefore, W is
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properly homotopic to an annular component Py of P. It follows that the boundary
components of W bound an annulus A in OM and that A either contains Py or is
disjoint from it. If A contains Py, then W is parallel to Py. If A is contained in
OM — P, then W is parallel to a subannulus of A, which lies in OM — P. (Again
we are applying Lemma 5.3 in [47].) O

Suppose that [p] € GFo(M,P) and h: M — P — N, U O:N, is an orientation-
preserving homeomorphism. If C is a collection of disjoint simple closed geo-
desics in O.N,, then let N (h~1(C)) be a closed regular neighborhood of h=1(C)
in OM — P. We say that C is pinchable it (M,P U N'(h~'(C))) is a pared
3-manifold.

If p € GFy(M,P) and C = {cy,...,cn} is a pinchable collection of curves in
O:N, then each element of C is associated to the conjugacy class of a nontrivial
element of p(m(M)) since each component of N (h~1(0)) is incompressible. No
two elements of C are associated to the same conjugacy class, since then there
would be an essential annulus joining distinct components of N'(A~'(C)), which
would violate the assumption that (M, PUN (h~!(C))) is a pared 3-manifold. Sim-
ilarly, no element of p(m;(M)) which represents a curve in C, can be conjugate
to an element of p(m((P)). Since elements of p(m(M)) are parabolic if and only
if they are conjugate to elements of p(7(P)), this implies that each conjugacy
class associated to a curve in C consists of hyperbolic elements. Each element in
the conjugacy class determined by an element of C is primitive, since otherwise
there would be an essential annulus in (M, P U N'(h~'(C))) with both bound-
ary components lying in the same component of A/(h~!(C)) (see, for example,
Lemma 5.1.1 in Canary-McCullough [18]).

2.4. Analysis on GFy(M,P). Let X be a finite type Riemann surface.
The Teichmiiller space 7 (X) of all marked Riemann surfaces which are quasi-
conformally homeomorphic to X can be identified with the quotient By (X)/Qo(X),
where B1(X) denotes the space of Beltrami differentials of L>°-norm less than 1
and Qp(X) denotes the group of all quasiconformal self-homeomorphisms of X
that are homotopic to the identity. Let ®x : B;(X) — 7 (X) be the quotient map.
The tangent space to Teichmiiller space at the basepoint can then be identified with
B(X)/N(X) where B(X) is the space of all Beltrami differentials and N(X) is the
space of infinitesmally trivial Beltrami differentials. Let D®x : B(X) — Tx7 (X)
be the projection map. (See Gardiner [22] or Imayoshi-Taniguchi [23] for more
details on the analytic theory of Teichmiiller space.)

The Teichmiiller space 7 (X) can also be thought of as the space of pairs
(Y,f) where Y is a Riemann surface and f : X — Y is a quasiconformal homeo-
morphism, and where two pairs (Y1,f1) and (Y2, f>) are equivalent if there exists
a conformal map g : Y| — Y which is homotopic to f> o fl_l. The pair (Y,f)
can be identified with the equivalence class of the Beltrami differential ( f;/ fz)z—f

of f.
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If 5:[0,B] — 7(X) is a differentiable path and 5(¢) = (X;, g;), then for each
t € [0, B] there is a projection map @, : Bj(X;) — 7(X) = B1(X;)/Qo(X;) such
that ®,(0) = 3(r). The tangent vector 3'(¢) then lies in D®,(B(X;)) which may be
identified with the tangent space to 7 (X) at ((¢).

We note that it is well known that given any marked Riemann surface X and
a short simple closed curve C on X, one may construct a (uniformly) bounded
length path in Teichmiiller space joining X to a Riemann surface Y where the
length of C has been halved. It will be important for us that one may choose the
path so that the tangent vectors are represented by Beltrami differentials supported
on the thin part.

LeEmma 2.7. (Lemma 2.1 in [17]) Let Ly > 0 be given, let X be a finite area
hyperbolic surface, and let v be a simple closed geodesic on X of length L < L.
There exists a positive number B depending only on Ly and a path (3 : [0, B] —
T (X), with B(t) = (X;, g;), such that the following conditions hold:

(1) BO) =(X,id),
(2) forallt € [0,B] we have Ix,(g/(7)) < L,
(3) Ixz(gp(y) < 5, and

(4)  B'(z) is represented, for all t, by ji, € B(X;) such that ||p||co < 1 and pi
is supported on the 2L-thin part of X, associated to the curve g,(7y).

Two representations p; and p, in D(m(M), w1 (P)) are said to be quasicon-
formally conjugate if there exists a quasiconformal map gg : C — C such that
p2(8) = ggpl( g)gg_l for all g € m1(M). In this case, gg descends to an orientation-
preserving homeomorphism ¢ : .N,, — O.N,, which itself extends to a homeo-
morphism between N, UJ.N,, and N,, UO.N,, in the homotopy class determined
by py o pl_l. In particular, [p] € GFo(M, P) if and only if [p2] € GFy(M, P).

Let [po] € GFo(M,P). If [p] € GFo(M,P), then Marden’s Isomorphism
Theorem (Theorem 8.1 in [29]) implies that there exists a quasiconformal map
5 conjugating po to p. The pair (O.N,, ) may be thought of as a point in the
Teichmiiller space 7 (9.N,,). However, if we precompose ¢ by a quasiconformal
self-map ) of O.N,, which extends to a homeomorphism of N, U O.N,, that
is homotopic to the identity, then (O.N,, ¢ o 1) is another point in 7 (9.N,,)
which is naturally associated to p. Using work of Bers, Kra and Maskit (see
Bers [7] or [18]) one may identify GFo(M, P) with 7 (0:N,,)/Mody(po), where
Mody(pop) denotes the group of quasiconformal automorphisms of J.N,, which
extend to maps of N,, U J.N, that are homotopic to the identity. Mody(po) acts
freely and properly discontinuously on 7 (9.N,,), so GFy(M, P) is a manifold (see
Maskit [31]).

Since O.N,, is homeomorphic to M — P we may identify 7(0.N,,) with
T (OM — P) and Mody(po) with the group Mody(M, P) of isotopy classes of pared
homeomorphisms of (M, P) that are homotopic to the identity. For the remainder
of the paper, we will identify GFy(M, P) with 7(OM — P)/Mody(M, P) and let



1202 RICHARD D. CANARY AND SA’AR HERSONSKY

qm : T(OM — P) — GFy(M, P) denote the quotient map. With this identification,
if (Y,f) € T(OM — P) and gu(Y.,f) = [p], then one may identify O.N, with the
Riemann surface Y and f extends to a homeomorphism f : M — P — N, U 9.N,,
such that [f,] = [p].

If a is any element of (M) which is not conjugate into 7;(P), then there is
a natural map Y, : GFo(M, P) — CCy(S' x D?) given by Y,([p]) = [pa] where p,
denotes the restriction of p to the cyclic subgroup (a) of 7;(M) generated by a.
We can identify CCo(S' x D?) with 7(T?)/Mody(S' x D?). Notice that Y, lifts to
a map Y, : T (OM — P) — T (T?). (For our purposes, it will never matter which
lift is chosen.)

Since Mody(M, P) and Mody(S' x D?) act freely, properly discontinuously
and by isometries (of the Teichmiiller metrics) on 7(OM — P) and T (T?), both
GFo(M,P) and CCy(S' x D?) inherit a quotient Teichmiiller metric. If [p] €
GFy(M, P), then we may naturally identify 7 (OM — P) with B{(0:N,)/Qo(0:N,).
Let

@, : By(9.N,) — T(OM — P)

be a projection map so that gy (®,(0)) = [p] and let 5/, =qu o D,.

The main local estimate from the previous paper, Theorem 14.1 in [17],
asserted that, on the infinitesimal level, a deformation supported on the thin
part associated to a “short” curve on the conformal boundary J.N, has a small
effect on the complex length of a moderate length element of p(m(M)). One
may combine this with Lemma 2.7 to see that one may halve the length of a
short curve in the conformal boundary without appreciably changing the complex
length of a moderate length element of p(m(M)). The proof carries over nearly
word for word into our slightly more general setting. We denote by I(p(a)) the
real translation length of p(a).

THEOREM 2.8. Givendy > 0, there exists co > 0 and Ky > 0 with the following
properties. Suppose that (M, P) is a pared manifold, a is a primitive element in
m (M), [p] € GFo(M, P) and l(p(a)) > dy. Suppose that C is a pinchable collection
of disjoint simple closed geodesics in O:N,, none of which represents p(a), such
that each element of C has length at most L where

L < coe e,

If p € B(O:N)), ||1t|loo < 1, and p is supported on the union of the 2L-thin parts

associated to elements of C, then

IDY.(D®, ()] < KoL.

3. Outline of proof. The proof of the main theorem follows the same rough
outline as the proof of the main result in [17] (which was in turn similar to the
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outline of proof of the main result of McMullen [35]). However, new technical
difficulties arise since we must be able to approximate points where the limit set
is not the entire sphere.

Many of the difficulties associated with points where the limit set is not the
sphere are resolved by applying a result of Evans [20]. If {p,} is a sequence
in D(m1 (M), 71 (P)) converging to a minimally parabolic representation p, then
Evans proved that {Q(p,)} converges to Q(p) in the sense of Carathéodory.
So, for all large enough n, we may divide (p,) into those components Qr(p,)
which converge to components of €(p) and those components Qp(p,) which
“degenerate.” Let D, = Qp(p,)/pn(m1(M)) be the “degenerating portion” of the
conformal boundary. In section 5, we formalize this subdivision by introducing
the notation of bauble theory.

Another new tool is a topologically rigidity result, Proposition 8.1, which
asserts that a homotopy equivalence from a pared manifold (M, P) to a manifold
pair (N, Q), which is a homeomorphism on P and embeds a compact core for the
components of M — P which are not pairs of pants into ON — Q is homotopic
to a pared homeomorphism.

In Lemma 4.2 we show that the set of minimally parabolic representations is
dense in OGFy(M, P). Therefore, it suffices to show that any minimally parabolic
representation in OGFy(M, P) may be approximated by geometrically finite rep-
resentations. Let A = {ay,...,a,} be an allowable collection of elements and let
d 4 be the associated metric on AH(m1(M), 71(P)).

Let [p] be a minimally parabolic representation in dGFy(M, P). An observa-
tion of Bers together with Sullivan’s rigidity theorem and Lemma 2.7 allows us
to to produce a sequence {[p,]} in GFy(M, P) converging to [5] such that there
is a sequence of pants decomposition of the degenerating portion of 9.N,, whose
lengths converge to 0. Proposition 6.1 shows that these pants decompositions are
pinchable for all large enough n. See Lemma 7.1 for a precise statement.

In Theorem 9.1 we apply the local estimate (Theorem 2.8) to each test ele-
ment to show that given a representation [p] € GFy(M, P) and a pinchable pants
decomposition C of a collection R of components of 0.N,, there exists a geo-
metrically finite representation [p] within O(L) of [p] (where L is the total length
of C) such that N;U BCN/; is homeomorphic to N, U (ON,, — C). In brief, Lemma
2.7 produces an infinite path (3:[0, c0) — 7 (0M) which begins at a lift of p to
T(OM — P) and which pinches the length of the pants decomposition to 0. For
each ¢ the tangent vector (3(¢) is represented by a unit norm Beltrami differential
supported on the thin part. The local estimate, Theorem 2.8, gives that Y, (53)
has length O(L) in CCy(S' x D?) for each a; € A which is not conjugate to an
element of m(P). It is then easily checked that gu/(3) has length O(L) in the
d 4-metric on AH(m (M), 71(P)) and hence accumulates at some conjugacy class
[p] in OGFy(M, P). We then check that 9.N,— R conformally embeds in 8CN5 and
that all components of C have become cusps. One may then apply our topologi-
cal rigidity result, Proposition 8.1, and the fact that all ends associated to thrice
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punctured sphere components are geometrically finite, to check that N;U 8CN;
is homeomorphic to N, U (ON, — C) and hence that p is geometrically finite.
(In [17], the fact that p was geometrically finite was a direct consequence of
a result of Keen-Maskit-Series [27] since C was a pants decomposition of the
entire conformal boundary.)

In Section 10, we apply Theorem 9.1 to each [p,] producing a sequence of
geometrically finite representation {[p,]} in OGFy(M, P) which also converges
to [p]. We also prove Corollary A in this final section.

Remark. In this remark we indicate how one may replace the use of The-
orem 2.8 with an application of Brock, Canary and Minsky’s recent resolution
of the Ending Lamination Conjecture for hyperbolic 3-manifolds with relatively
incompressible boundary to give a different proof of our main theorem in this
case. We should note that our Main Theorem does not follow immediately from
the Ending Lamination Theorem, even in the case that M — P is incompress-
ible, since the ending invariants vary discontinuously over AH(71(M), w1 (P)) (see
Brock [12] or Anderson-Canary-McCullough [3].) Moreover, there are substantive
technical details involved in making the outline below into a complete argument.

Let (M, P) be a pared 3-manifold such that M — P is incompressible. Again,
using Lemma 4.2, it suffices to show that minimally parabolic representations
in the boundary of GFy(M,P) may be approximated by geometrically finite
representations in OGFy(M, P). Let g be a minimally parabolic representation
in OGFy(M,P) and let {p,} and {C,}, be the sequences of representations in
GFo(M, P) and pinchable collections of curves on J.N,, produced using Lemma
2.7 and Proposition 6.1 as indicated above. For all n, let h, : M—P — N, UO:N,,
be a homeomorphism in the homotopy class determined by p. One may then use
Thurston’s geometrization theorem and the quasiconformal deformation theory of
geometrically finite Kleinian groups to produce a sequence of geometrically finite
representations {[p,]} in IGFy(M, P) such that N, U &-N;n is homeomorphic to
M — (PU h;'(C)) and OcNj is conformally identified with a subset of 8CN;n.
One may apply convergence results of Thurston ([45, 46]) to show that {[p,]}
converges in AH(m (M), w1 (P)) to some representation [p']. One then shows that
the conformal boundary of O.N contains a subsurface conformal to J.N; (in a
manner similar to the technique used in the proof of Theorem 9.1) and applies
the continuity of Thurston’s length function (see Brock [11]) to verify that the
ending laminations of the geometrically infinite ends of (Np—/)g are the same as
those of (&, p—)g. The Ending Lamination Theorem may then be used to check that
F=p

4. The boundary of GFy(M,P). In this section, we show that if a pared
manifold is not maximal, then the boundary of GFy(M, P) is nonempty and con-
tains a dense set of minimally parabolic representations. (Notice that if (M, P) is
a maximal pared manifold then GFy(M, P) contains exactly one point, see Keen-
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Maskit-Series [27], so GFy(M, P) has no boundary.) The proof that the boundary
of GFy(M, P) is nonempty was provided by Peter Shalen.

Lemma 4.1. If a pared manifold (M, P) is not maximal, then the boundary of
GFo(M, P) is nonempty.

Proof of Lemma 4.1. Let Y be the component of X(m(M),7(P)) which
contains GFy(M, P). Since (M, P) is not maximal, it has complex dimension at
least 1. Let g € m(M) be an element such that 7, is nonconstant on Y. (Such
an element must exist by Lemma 2.1.) The map 7, : R(m(M), 7(P)) — C is
algebraic, so the image of each component of R(m (M), m1(P)) is either a single
point or the complement of finitely many points. It follows that 7, takes on all
but finitely many values on Y. Hence, there exists [p] € Y such that 7,(p) is real
and lies in [0, 4), which implies that p(g) is elliptic. It follows that [p] does not
lie in GFy(M, P). Since GFy(M, P) is an open subset of Y, it must therefore have
nonempty boundary in Y, and hence in X(7w{(M), 71(P)). O

The proof that minimally parabolic representations are dense in 0GFy(M, P)
is the natural generalization of the proof of the first part of Lemma 15.2 in [17].

LemMA 4.2. Let (M, P) be a pared 3-manifold. Then minimally parabolic rep-
resentations are dense in 0GFy(M, P).

Proof of Lemma 4.2. Recall that Sullivan [43] proved that GFo(M, P) is
the interior of its closure in AH(7w(M), 71(P)) and Kapovich (Theorem 8.44 in
[26]) proved that every point in AH(w(M),(P)) is a smooth point of X =
X(m (M), 71 (P)). Let Z C X be the set of all representations in X which are
not minimally parabolic. Note that Z is a countable union of complex algebraic
subsets of X and that Z does not intersect GFy(M, P).

If [po] € OGFo(M, P) is not a limit of minimally parabolic representations
in OGFy(M, P), then [pp] has a smooth, connected open neighborhood U such
that U N OGFy(M, P) C Z. Let X, denotes the irreducible component of X which
contains [pp]. Then Zy = ZN Xy is a countable union of proper complex algebraic
subvarieties of Xy. Since U C X is smooth and connected, W = U — (U N Z)
is a connected, dense subset of U. Since W is connected and meets GFy(M, P)
but is disjoint from O0GFy(M, P), it must be that W C GFy(M, P). Hence U is
contained in the closure of GFy(M, P) in X. But, since GFy(M, P) is the interior
of its closure, this implies that [pg] lies in the interior of GFo(M, P), which is a
contradiction. O

5. Convergence results and bauble theory. In this section, we produce
a subdivision of the domains of discontinuity of Kleinian groups approximating
a minimally parabolic representation into “surviving” components and “degen-
erating” components. The key tool is a result of Evans [20] which guarantees
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that the domains of discontinuity of the approximates converge to the domain of
discontinuity of the limit.

We recall that a sequence {O,} of open sets in C converges, in the sense of
Carathéodory, to an open set O if and only if:

(1) If K is a compact subset of O, then K lies in O,, for all sufficiently large
n, and

(2) if U is open subset of O, for infinitely many n, then U C O.

THEOREM 5.1. (Evans [20]) Suppose that p € D(m1(M), w1(P)) is minimally
parabolic, and {p,} is a sequence in D(m(M), 71 (P)) which converges to p, then
{Q(p,)} converges to Q(p) in the sense of Carathéodory.

Remark. Evans actually states this result in the case that €(p) is nonempty,
in which case he uses it to show that the convergence is actually strong. The
result is obvious in the case that {(p) is empty, since, in general, €2(p) contains
the Caratheodory limit of any subsequence of {Q(p,)}.

We will need a refinement of Evans’ result, which shows that, given a com-
ponent A of Q(p), one may choose components of £(p,) which converge to A.
Notice that A need not be simply connected.

LemMA 5.2. Suppose that p € D(m(M), 71(P)) is minimally parabolic and
{pn} is a sequence in D(m(M), 71 (P)) which converges to p. Let A be a component
of Qp) and let z € A. Then

(1) there exists, for all sufficiently large n, a component A, of C(p,) which
contains z, and

(2) {Ayn} converges to A in the sense of Carathéodory,

Proof of Lemma 5.2. The first part of the statement follows immediately
from the fact that {Q(p,)} converges to Q(p). Moreover, there exists 6 > 0,
such that, for all sufficiently large n, €(p,), and hence A,, contains the closed
ball of radius 6 about z. Therefore, any subsequence of {A,} has a convergent
subsequence. So, it suffices to show that if a subsequence of {A,} converges to
an open subset U of C, then U = A.

Since {Q(pn)} converges to Q(p) it is clear that U C Q(p). Let y be any
point in A. There exists a path v € A joining z to y. Since {Q(p,)} converges
to Q(p), v lies in Q(p,) for all sufficiently large n, so y € A, for all sufficiently
large n. Therefore, A C U.

It remains to show that U C A. Let © be the stabilizer of A in p(7(M)).
Then O is finitely generated and A is a component of Q(0) (see Lemma 2 of
Ahlfors [2]). Moreover, see Theorem 3 in Maskit [30], this implies that every other
component A’ of () is a Jordan domain whose stabilizer in © is a quasifuchsian
subgroup whose limit set is JA’. (Recall that a finitely generated Kleinian group
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R is quasifuchsian if A(R) is a Jordan curve and each element of R preserves
each component of Q(R).) If U does not equal A, then U contains a point y in
another component of Q(p) and hence in another component A’ of Q(O). Let
Q be the quasifuchsian stabilizer of A" in ©. Then, Marden’s Stability Theorem
(Proposition 9.1 in [29]) implies that, for all large enough n, Q, = pn(p_l(Q))
is a quasifuchsian subgroup of p,(7w(M)) such that A(Q,) separates z from y.
Therefore, for all large n, y does not lie in A, which contradicts the fact that
y € U. Thus, it must be the case that U = A. O

We can now divide up the domain of discontinuity of p,(mw(M)), for all large
enough n, into those components which are converging to components of €(p)
and those components which are “degenerating” in the limit.

Suppose that p € D(m(M), 71 (P)) is minimally parabolic, and {p,} is a se-
quence in D(m1(M), 71(P)) which converges to p. Let {Al, ...,A™} be a maximal
collection of nonconjugate components of Q(p) and let {z',...,z"} be a collec-
tion of points with z° € A* for all 5. We call the pair ({A!,..., A"}, {z!,...,7"D) a
bauble. By Lemma 5.2, there exists, for all s and sufficiently large n, a component
AS of Q(p,) which contains z°. When AS exists for all s, we call ({Al,..., A"},
{z',...,2"}) an approximate bauble for p,.

If ({AL....,A"}, {z',...,Z"}) is an approximate bauble for p,, then let
Qr(pn) denote the components of €(p,) which are translates of A} for some
s. If A is a component of Qr(p,), then there exists g € m;(M)) and s such
that A = p,(g)(A%) and A lies naturally in the sequence {p,(g)(A})} which
converges to p(g)(A%). Let Qp(p,) = Q(p,) — Qr(p,). Notice that Qp(p,) and
Qr(p,) are only well defined for large enough n and depend on the initial choice
of bauble. It is then natural to divide O.N,, into F, = Qr(pn)/ pn(m1(M)) and
Dy, = Qp(pn)/pn(m1(M)). Although the definition of D, and F, depend on the
choice of bauble, we will not make this explicit in the notation. It will be impor-
tant to note that if {[p,]} is a sequence in GFy(M, P), then, for all sufficiently
large values of n, D, is nonempty and no component of D, is a thrice-punctured
sphere.

LEmMA 5.3. Suppose that [p] € OGFy(M, P) is minimally parabolic, and
{[pnl} is a sequence in GFo(M, P) such that {p,} converges to p. If {Al, ..., A"},
{z',...,2*}) is a bauble for p, then, for all sufficiently large values of n, D, =
Qp(pn)/ pn(m1(M)) is nonempty and no component of D, is a thrice-punctured
sphere.

Proof of Lemma 5.3. 1f p were geometrically finite, then Marden’s Stability
Theorem (Proposition 9.1 in [29]) would imply that p € GFy(M, P). Therefore, p
is geometrically infinite. If ({Al,...,A"},{z!,...,2"}) is a bauble for p. Then,
by Lemma 5.2, there exists an approximating bauble ({Al, ..., A"}, {zl, ... 2"}
for p, for all sufficiently large values of n. For each n, let h, : OM —P — NUO.N,,,
be a homeomorphism in the homotopy class determined by p,,.



1208 RICHARD D. CANARY AND SA’AR HERSONSKY

Fix € such that 0 < € < . Let (M, P) be a relative compact core for (N,;)S.
Since p is geometrically infinite, there exists a geometrically infinite end of (I, ,5)8.
If Q(p) is empty, then D,, = O.N,,. If Q(p) is nonempty, then Evans, Corollary 7.2
in [21], showed that there exists, for all sufficiently large n, a relative compact
core (M,, P,) for (an)g and a pared homeomorphism j, : (M,,P,) — (M, P)
in the homotopy class determined by p o p;!. (Moreover, he shows that N,
is topologically tame under these same assumptions.) Since p, is geometrically
finite, this implies that there are at least m+1 components of 9.N,,. Since there are
at most m components of F,, = 9.N,, — D, there must be at least one component
of D, for all sufficiently large n.

Suppose that D, contains a thrice-punctured sphere component for infinitely
many values of n. Then there exists a thrice-punctured sphere component Z of
OM — P such that h,(Z) lies in D, for infinitely many values of n. We pass to
a subsequence, again called {p,}, such that h,(Z) C D, for all n. Let H be a
subgroup of m(M) conjugate to m(Z). Then, by Lemma 2.4, p,(H) is Fuchsian
for all n and p(H) is Fuchsian. Let A, be the component of Q(p, (H)) which lies in
Qp(pn)- Then, {A,} has a subsequence converging to a component A of Q(4(H)).
Since {Q(pn)} converges to Q(p), A lies in Q(p). Therefore, A, C Qp(p,) for
infinitely many values of n, contradicting our assumption that A, C Qp(p,) for
all n. Therefore, for all sufficiently large values of n, D, does not contain any
thrice-punctured sphere components. O

6. Finding pinchable collections. In this section we observe that bounded
length pants decompositions C, of the degenerating portion D, of O.N,, are even-
tually pinchable. Essentially, we must show that the curves in C,, are associated to
distinct primitive hyperbolic elements of p,(71(M)). The proof is a generalization
of the proof of Proposition 3.1 in [17].

PRrOPOSITION 6.1. Suppose that [p] € OGFo(M, P) is minimally parabolic, K >
0, and {AL,...,A"},{Z!,...,2"}) is a bauble for p. If {[p.]} is a sequence in
GFo(M, P), such that {p,} converges to p, and, for all large enough n, C, is a
collection of disjoint simple closed geodesics on D,, = Qp(p,)/ pn(m1(M)) of total
length at most K, then C, is pinchable for all sufficiently large n.

Proof of Proposition 6.1. We first pick x in the interior of C(Nj). Let Xo
be a point in CH(A(p(71(M))) which projects to xg. Theorem 5.1 implies that
{Q(p,)} converges to Q(p), so Xo lies in the interior of CH(A(p,(m(M))) for
all sufficiently large n. Let {g1,...,gx} be a set of generators for 7;(M). Since
{pn} converges, there exists S > 0 such that d(xo, p,(g:)(x0)) < S for all i and n,
and there exists 6 > 0 such that d(xp,x) < § implies that d(x,y(x)) > 26 for all
v € pp(m1(M) —{id}) and any n. Therefore, if 7;, is a geodesic loop in N, = N,
based at xo representing p,(g;), then ~;, has length at most § and injy, (x) > ¢ at
any point x of ; ,. (Here we have implicitly identified 71 (N,, xo) with p,(71(M)).)
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Let 7, : N, U 9N, — OC(N,) be the nearest point retraction. Theorem 2.2
implies that 7,(C,) is homotopic, in IC(N), to a collection C,, of curves in JC(N)
of length at most K’ = 45KeX/2. For each n, choose €, > 0, such that:

(1) CJ is contained in C(N,).,,
(2) €, < p where p is the Margulis constant,
(3) X" sinh(2¢,) < § where K" = \/% + # +1, and

(4) any curve in P(N,),, which is homotopic into C), is homotopic to a curve
of length at most 1 on P(V,),.

Let h, : M — P — N, U J.N, be a homeomorphism in the homotopy class
determined by p and let j, : N, U O.N, — C(N,) be a homeomorphism properly
homotopic to 7. Let k, : C(N,) — C(Ny)e, — P(Ny)e, be a homeomorphism which
is the identity on C), (We may construct k,, since C(N,)) — C(N,)., is homeomor-
phic to P(Ny,)e, % (0, 00).) Proposition 2.12.4 in Canary-McCullough [18] implies
that there exists a pared homeomorphism v, : (M, P) — (C(N,)e,, P(N,)e,) Which
agrees with k,0j,0h, off of a regular neighborhood of P. In particular, 1, (h,, L,
is homotopic to 7,(C,) within AC(N).

If the theorem fails, we can pass to a subsequence, again called {p,}, such
that C, is not pinchable for any n. Therefore, there exists, for all n, a surface B,
in M which is either a compressing disk or an immersed essential annulus with
boundary contained in A, 1(C,) UP. Let B!, = 1,(By). After a proper homotopy,
we may assume that B), is either a compressing disk with boundary in C), or an
immersed essential annulus with boundary in C, U P, where P, = P(N,).,. In
particular, we may assume that the boundary of B/, has length at most 2K’ + 1.

Claim. Each surface B!, is homotopic, rel boundary, to a surface Y, such that
if x € ¥, and injy, (x) > 6, then d(x, C,) < k(6) for some uniform constant k(6).

We briefly describe the construction of Y,, from Proposition 3.1 of [17]. One
first constructs a pleated disk or annulus X,, by subdividing dB), into segments
of length at most 1, extending this subdivision to a triangulation of B], with no
internal vertices, and then pulling each simplex tight (relative to its vertices) so
that each simplex is totally geodesic. Since the area of a hyperbolic triangle is
at most the length of any of its sides X,, has area at most 2K’ + 1 The boundary
0X,, of our pleated surface is homotopic to dB), by a homotopy of track length
at most one. We append this homotopy to X,, to form Y,,.

The proof of our claim in the cases in which B), is a compressing disk or an
annulus with boundary in C), are handled exactly as in Proposition 3.1 of [17],

in which case k(6) may be chosen to be %K/ + \/K?’ + 1. So, we may assume that
By, is an annulus with boundary in P, U C,. If x € X,, and injy, (x) > 6, then the

argument in [17] gives that d(x, 0X,) < \/% + %. So, d(x,0B)) < K" =
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K'+1 | 2K'+1 : 1" : : : :
— + =5 + 1. But if d(x, P,) < K", then, by inequality 1 in Section 2.2,

injn, (x) < & sinh (2¢,) < 6

which contradicts our assumption that injy (x) > 6. So, in this case,
d(x,C)) < K”. Thus, we have completed the proof of our claim with k(§) = K”.
Since the surface Y, is essential and the loops {~;,} represent generators of
71(Nu, X0), at least one of these loops, say 7;,, must intersect Y,. Since 7;, has
length at most S and every point on +;, has injectivity radius at least 6, there
exists a point y}, on C), which lies a distance of at most K=S+ k(6) from xg.
We may assume, without loss of generality, that we are working in the ball
model and that X is at the origin. Let §, be a lift of y/, which lies within K of
%o and let z, be a point in 7, (7). Notice that 7, !(C’) lies in D,, since C is
homotopic to 7,(C,) and C,, C D,, so z, lies in Qp(p,). Let H, be the support
plane to CH(A(p,)) passing through §/, and perpendicular to the geodesic ray
joining §, to z,. Then H, bounds an open disk A, C S2 which is contained
within Qp(p,). Moreover, A, contains an open disk of (spherical) radius at least
€ about z,, where € > 0 depends only on K. We may pass to a subsequence, still
named {p,}, so that z, converges to a point z € C. Since {Q(p,)} converges
to Q(p), the open ball of radius e about z lies in (p), so z € y(A®) for some
v = p(g) € p(m(M)) and some s. Since, by Lemma 5.2, p,(g)(A}) converges to
v(A®), we see that, for all sufficiently large n, A, N p,(g)(A}) is nonempty, so
A, C pa()A)) C QF(py). Since Qr(p,) and Qp(p,) are disjoint, by definition,
this contradiction establishes the result. O

7. Finding short pinchable collections. We next see that if [p] is min-
imally parabolic and lies in OGFy(M, P), then we can find a sequence [p,] €
GFo(M, P) which converges to [p] such that there is a sequence {C,} of pinch-
able pants decompositions of the “degenerating portions” D, of 0.N,, such that
{l(C},)} converges to 0. This is the analogue of Proposition 4.1 in [17]. The key
tools in the proof are Lemma 2.7, Proposition 6.1 and Sullivan’s rigidity theorem.

LEMMA 7.1. Suppose that [ is minimally parabolic, ({A',...,A™},
{z},...,2"}) is a bauble for p, and [ p] € OGFo(M, P). Then there exists a sequence
{lpul} in GFo(M, P) converging to [p] such that, for all n, there exists a pinchable
pants decomposition Cy, of Dy, = Qp(pn)/ pn(m1(M)) and {I(C,)} converges to 0.

Proof of Lemma 7.1. Let {[p]’-]} be a sequence in GFy(M, P) which converge
to [p], such that { pj’} converges to p. By eliminating finitely many terms, we may
assume that an approximating bauble ({Al,..., A"}, {z!,...,7"}) exists for all
p; Let D; = QD(p;) / p}(m(M)). Bers’ inequality (see [8]) implies that there exists
a pants decomposition C; of D; such that /(C;) < x for some uniform constant ~
depending only on the topology of OM — P.
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Applying Lemma 2.7 we produce, for each j, a sequence {p;,} in GFo(M, P)
such that for each j and n there exists a K"-quasiconformal map ¢;, conjugating

K

pj’~ to pj. such that ¢;, is conformal on QF(p]’.) and 1(¢j(Cj)) < 5. We may
normalize so that ggj,n(zl) = z1 and dqgj’,,\zl is the identity map. If we define
Dj, = ¢j,(Dj), then C;, = ¢;,(C)) is a pants decomposition of D;, of length at
most ;.

For each fixed n, {%n} is a sequence of K"-quasiconformal maps such that
djn(z1) = z1 and d¢; |-, is the identity map. Therefore, {¢;,} is a normal family.
If ¢ is a limit of a convergent subsequence, then ¢ is K"-quasiconformal, % is
conformal on Q(p) (since {Qp(p]’-)} converges to €(p)), ¥(z1) = z1, dip|;, is the
identity map, and p, = ¥pY ' € D(m (M), 7((P)). Sullivan’s rigidity theorem
[42] implies that 9 is conformal and hence the identity map, so p, = p for all n.
Thus, for each n, {aj,n} converges to the identity map and {p;,} converges to p.

For each n we choose j(n) such that z; € qﬁj(,,),n(Aj(n)) for all s, and

S| =

dR(pj(n),n s ﬁ) <

(where dg is some metric on D(mw(M), 71(P))). Let p, = pj),n. It then follows
that C;, = Cj(n),» 18 a pants decomposition of Dy, = @j) n(Djn),») of length at most
5. Notice that {p,} converges to g and that ({¢j(n),n(4/1(n)),...,¢j(n),n(Aj’?(1n))},
{z',...,7"}) is an approximating bauble for all n. Thus, D, = Qp(p,)/pn(71(M))
and Proposition 6.1 implies that C,, is pinchable for all large enough n. We may
then remove finitely many terms to obtain the desired sequence. O

8. A topological rigidity result for pared manifolds. In this section, we
develop a topological tool which will allow us to recognize the topological type
of the hyperbolic manifold obtained by pinching a pinchable collection of curves.
This topological realization will also allow us to conclude that the manifold is
geometrically finite.

We recall that it is a consequence of Johannson’s Classification Theorem
(see Theorem 2.5) that any pared homotopy equivalence between acylindrical
pared manifolds is homotopic to a pared homeomorphism. Waldhausen’s theorem
[47] assures us that any homotopy equivalence between Haken manifolds which
preserves the boundary is a homeomorphism. The following proposition may be
viewed as a mixture of these two results.

ProposITION 8.1. Let (M, P) be a pared manifold and let (AA/I , IA’) be a compact,
irreducible 3-manifold pair. Suppose that f : (M,P) — (M, P) is a map of pairs
such that:

(1) f is a homotopy equivalence,

2) flp:P— Pisa homeomorphism, and
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(3) there exists a submanifold Z of OM — P which contains a compact core
for each component of OM — P which is not a thrice-punctured sphere, such that f
embeds Z in ON — Q.

Then f is homotopic to a homeomorphism of pairs.
Proof of Proposition 8.1. The key tool in our proof is the following lemma:

LemMA 8.2. Let (M, P) be a pared manifold. Then there exists a maximal pared
manifold (M, Q) such that P is a collection of components of Q.

We will give the proof of Proposition 8.1 and then return to the proof of
Lemma 8.2.

Let (M, Q) be a maximal pared manifold such that P is a collection of com-
ponents of Q. Lemma 2.6 implies that (M, Q) is an acylindrical pared manifold.
We may assume that Q — P is contained in the interior of Z. Let Q =PU f(Q—P).

We next check that (M, Q) has relatively incompressible boundary. Since
(M, Q) has relatively incompressible boundary, Proposition 1.2 in Bonahon [9]
(see also Lemma 5.2.1 in Canary-McCullough [18]) implies that if 7 (M) = GxH
is any nontrivial free decomposition of (M), then there exists an element of
m1(Q) which is not conjugate into either G or H. If (]\71 , @) does not have relatively
incompressible boundary, then Dehn’s Lemma gives a compressing disk with
boundary in oM — Q and hence a nontrivial free decomposition 7r1(1l71) =Gx+H
such that every element of () is conjugate to an element of either G or
H. However, f. induces an isomorphism of 7(M) to 7T1(M) which takes the
conjugacy class of any element of 7;(Q) to the conjugacy class of an element of
7T1(Q), so we have achieved a contradiction.

Theorem 2.5 then implies that f is homotopic to a homeomorphism of pairs
between (M, Q) and (1\71 , Q) and hence to a homeomorphism of pairs between
(M, P) and (M, P). O

We now return to the proof of Lemma 8.2

Proof of Lemma 8.2. We will first observe that if (M, P) is not maximal, then
there exists a pared manifold (M, Q') such that P is a proper subcollection of the
components of Q’. One may iteratively apply this observation to find a maximal
pared manifold (M, Q) such that P is a collection of components of Q.

Since (M, P) is not maximal, Lemma 4.1 implies that GFo(M, P) is nonempty
and Lemma 4.2 implies that there exists a minimally parabolic representation
[p] € OGFy(M, P). Let {[p,]} be a sequence in GFo(M, P) such that {p,} con-
verges to {p}. Let {Al,..., A"}, {z!,...,7"}) be a bauble for p. Then, by Lemma
5.3, there exists, for all sufficiently large values of n, an approximating bauble
(AL .. Ay Lz, . 2™ for p, such that D, = Qp(py,)/ pa(m1(M)) is nonempty
and no component of D, is a thrice-punctured sphere.

Bers’ inequality [8] implies there exists a pants decomposition C, of D, of
length at most £ > 0 (where x depends only on the topology of OM — P). Now,
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Proposition 6.1 implies that C, is pinchable for all sufficiently large n. Hence, we
may choose Q' = PU/\/'(hn_l (Cp)) where hy, : OM —P — N, is a homeomorphism
in the homotopy class determined by p, A'(h, '(C,)) is a regular neighborhood
of h, 1(C,) in OM — P, and n is large enough that C,, is pinchable. O

9. The main global estimate. In this section we establish our main global
estimate, which asserts that if [p] € GFo(M, P) and C is a “short” pinchable pants
decomposition of a collection R of components of J.N,, then [p] is “near” to
a geometrically finite representation [p] € OGFy(M, P) such that each nontrivial
element of p(m(C)) is parabolic.

The proof of the existence of p is almost exactly the same as the proof of
Proposition 6.1 in [17]. The key tool in the proof of existence is the main local
estimate, Theorem 2.8. However, there are new technical difficulties associated
with proving that p is geometrically finite. We overcome these using bauble
theory, the relative compact core and our topological rigidity result, Proposi-
tion 8.1. Our use of the relative compact core in this manner may be viewed
as a generalization of earlier work of Maskit-Swarup [33] and Keen-Maskit-
Series [27].

THEOREM 9.1. Let (M, P) be a pared 3-manifold such that OM — P is nonempty
and let A = {ai,...,an} be an allowable collection of test elements in 7w (M).
Given dy and dy such that di > 4dy > 0, there exists Ly > 0 and G > 0 such that
if [p] € GFy(M, P) and

(1) C is a pinchable pants decomposition of a collection R of components of

OcN),
(2) C haslength L < L,
(3) no element of A represents a curve in C, and

4) If a; does not represent a curve in P, then % > ly(a;) = 2dy where l,(a;)
denotes the real translation distance of p(a;),

then there exists a (conjugacy class of a) geometrically finite representation [p] €
OGFy(M, P) such that
da(lpl,[pD) < G L.

Moreover, [p] € GFyM,P U N(h~'(C)) where h : M — P — O.N, UN, is
a homeomorphism in the homotopy class determined by p and N (h='(C)) is a
regular neighborhood of h~'(C) in OM — P. In particular; if R = O:N,, then p'is a
maximal cusp.

Proof of Theorem 9.1. Recall the quotient map g7 : 7(T?) — CCo(S' x D?)
and identify 71(S' x D?) with Z. Let

E,= {0 € T(1%)| 2dy < Ulgr(o)(1) < d1/2}
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and

B ={o € T(?) do < ligr(o)(1) < d }

where [(g7(0)(1)) denotes the real translation distance of gr(o)(1).

We may reorder A so that g; is conjugate into 71(P) if and only i > my.
(It is possible that my = m.) By condition (4), Y4, ([p]) € gr(Ey) for all i < my.
The sets gr(Ey) and g7(Er) are compact subsets of CCy(S" x D?). Let 6 be the
(nonzero) distance, in the Teichmiiller metric on CCo(S' x D?), between gr(E;)
and the boundary of gr(Ey).

Let co and Ky be the constants associated to dy in the main local estimate,
Theorem 2.8. Let B be the value of B produced by Lemma 2.7 when Ly = cg
and let By = mB;. Assuming that L < ¢g, we may iteratively apply Lemma 2.7
(reducing the length of C by a factor of 2 at each stage) to produce an infinite path
B :10,00) — T(0:N,) where (3(t) = (X;, g;) such that, for all ¢ € [nB;, (n+1)B,],

L
Ix,(8:(C)) < o

and there exists u, € B(X;) such that:

(1) DDy, (1) = 5'(2),

@) [l <1, and

(3) py 1s supported on the %—thin part of X, associated to g,(C).
Assuming that L; < coe~ %, Theorem 2.8 implies that if i < my, then

_ - L
IDY (DD gy (1o)l| = [IDY(B'@)| < Koz

for all ¢t € [nB>, (n+ 1)B>] such that Y’ai(ﬁ(t)) € Ey. Therefore, by integrating the
above estimate we see that Y, (3([0,00))) N Ef has length at most

L L _
KoB> L+§+"'+?+"' = 2KoB>L.

IfL < #ﬁBz’ this implies that the entire path lies in E;. Let

6
Ly =mi —, :
| = min {coe > 032}

If [v] € CCy(S" x D?), let 7p([v]) denote the square of the trace of v(1). Then 7 :
CCy(S' x D*) — C is smooth and 7,([p']) = 7o(Yu([p'])) for all [p'] € GFy(M, P)
and all a € (M) such that a is not conjugate into 71 (P). Since gr(Ey) is compact
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and 7y is smooth, there exists K3 > 0 such that if v1,1, € gr(Ey), then
[To(v1) — To(n2)| < Kzd(vy,12)
(where d denotes the Teichmiiller metric on CCy(S' x D?)). Thus, for all i < my,
F0(qr(Ya, (B0, 00))) = T (qr(B([0, 00)))

has length at most 2K3KoB>L in C. (Notice that if i > my, then 7,(gp(5([0, 0)))
is constant.) Therefore, ¢);(3([0, 00))) has length at most 2mK3KyB,L in the d 4-
metric on AH(mw1(M), w1 (P)). Thus, there is a conjugacy class [p] € AH (7 (M),
71(P)) which is an accumulation point of {gy(3(n))}. Let {[p,]} be a subsequence
of {gu(B(n))} which converges to [p] such that {p,} converges to p.

Let G = 2mKyK3B;. Then,

da([pl, [p]) < GL.

It only remains to show that there exists a homeomorphism
h:M—((PUR(C) = ON;UN;

in the homotopy class determined by p. Notice that this implies that p is geomet-
rically finite.

Let i be the homeomorphism 4 : M — P — N, U O.N,, from the statement
of the Theorem such that i, = [p]. Let C' = h~'(C). If n is a curve in C', then
Ix,(g:(h(n))) converges to 0. Let b be an element of (M), such that n is a
representative of p(b). Proposition 6.1 of Sugawa [41] implies that the complex
translation length of p,(b) also converges to 0. Thus, p(b) is parabolic. So, every
element of p(p~!(m(C))) is parabolic.

Let T = O.N, — R and let Qr(p) denote the components of (p) which cover
components of 7. Notice that since g, is conformal on T for all ¢, there exists,
for all n, a quasiconformal map 5,1 conjugating p to p, which is conformal on
Qr(p).

Let {Uj,...,U,} denote a maximal collection of nonconjugate components
of Qr(p). Since the stabilizer of each component of (p) is a nonelementary
Kleinian group, we may, for each s, pick g, hy € m1(M) such that p(g,) and p(hy)
both stabilize Uy, < gs, hy > is a free subgroup of m{(M) of rank 2 and p(g,) and
p(hs) are hyperbolic. Notice that &En(US) misses the four fixed points of p,(g;)
and p,(h,) for all i, and that these fixed points converge to the four fixed point of
p(gs) and p(hy). Montel’s theorem then implies that {qgn\Us} is a normal family
for all s. Pick a subsequence of {p,}, again denoted {p,}, such that for each s,
{(EH|US} converges to a map t; with domain U. Then, for each s, either 1)y is
conformal or its image is a point.
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Suppose that, for some s, 1/1S is a constant map with image w;. Pick z; € U,
then {Gn(pn(g5)(@)} = {pn(g5)(Bn(z5))} must converge to j(g,)(wy). Therefore,
wg must be a fixed point of p(g;). We may similarly conclude that wy is a fixed
point of p(hs). Since p(gs) and p(hs) are noncommuting hyperbolic elements
contained in a discrete group, their fixed points must be distinct. Therefore, {ﬂg
must be a conformal map for all s.

Since Q(p) contains the limit of any subsequence of {Q(p,)}, we see im-
mediately that {/;S(Us) C Q(p). Let Oy be the stabilizer stab,(r,a)(Us) of Uy
in p(mr(M)) and let Gy = p_l(G) Then, for all n, gn(U) is a component
of Q(p,) and p,(Gy) = stabpn(m(M))@(U )). Since {p,} converges to p and
{qb,,|UY} converges to s, p(G,) C stabp(m(M))(z/Js(U )). On the other hand, if

P(&)(Ws(Uy)) N 1hy(Us) is nonempty, then pu(g)(@n(Uy)) N ¢u(Us) is nonempty
for all large enough n, which implies that g € G;. Therefore, 1), descends to a

conformal embedding v, : Us/p(m1(M)) — BCIV where N = N;.

We may combine the maps {t1, ..., %} to construct a conformal embedding
YT — EMY’. Let S = h~(T) and let C' = h~1(C). Let Sy be a compact core
for § and let Ty = h(Sp). Letf: NUJ.N — C(N) be a homeomorphism properly
homotopic to the nearest point retraction. Choose € such that g > ¢ > 0 and
f(To) - C(IV )e. Let (]\71 , f’) be a relative compact core for C(K’)6 whose intersection
with 7(T) contains j(Tp).

Letf: M — Mbea homotopy equivalence in the homotopy class determined
by p. Let P = PUN(C’) where N(C’) is a regular neighborhood of C’ in OM — P.
If 3 is a core curve of an annular component Py of P/, then f(3) is homotoplc
into a rank one cusp of N and hence into an annular component of P. Since
m1(Pp) is a maximal abelian subgroup of 71(M), f(() is homotopic to a core
curve of a component of 0. Similarly, if Py is a toroidal component of P, then
f(Pop) is homotopic into a rank 2 cusp of N , and since 71 (Py) is a maximal abelian
subgroup of 71(M), f(Py) is homotopic to a toroidal component of P. Therefore,
we may assume that f|p is a homeomorphism whose image is a collection P of
components of P.

If Z is a component of M — P' which is not a thrice punctured sphere, then
Z is a component of 7. Let Zy be a compact core for Z which is a component
of So. Then, f|z, is homotopic to the embedding 70 ) o h|z,. Therefore, we may
assume, after homotopy, that f|s, =fo 1 o hls,. Proposition 8.1 then implies that
f is homotopic to a pared homeomorphism g : (M, P") — (M,P).

We next argue that P = P'. Notice that the toroidal components of both P and
P are in a one-to-one correspondence with the conjugacy classes of maximal rank
two free abelian subgroups of m((M) and 71(M). Since f is a homotopy equiva-
lence, every toroidal component of P lies in P.LetY bea pants decomposition
of Ty and let R be a collection of core curves of all the annular components
of P'. Then Y UR is a pants decomposition of the nontoroidal components of
OM, and f(Y) Uf(R) is a collection of disjoint, nonparallel simple closed curves
contained in nontoroidal components of &M, none of which bounds a disk in OM.
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Since M is homotopy equivalent to M, the Euler characteristic of M must agree
with the the Euler characteristic of M. Hence, a pants decomposition of the
nontoroidal components of M must have the same number of curves as a pants
decomposition of the nontoroidal components of M. It follows that f(¥Y) U f(R)
must be a pants decomposmon of the nontoroidal boundary components of OM.
In particular, P must equal P’ and each component of f(0Ty) must be parallel to
an annular component of P in OM.

Recall that the ends of N? are in one-to-one correspondence with the com-
ponents of OM—P.If Zis a component of OM — P which is homeomorphic
to a thrice-punctured sphere, then its associated end is geometrically finite by
Lemma 2.3. If Z is not homeomorphic to a thrice-punctured sphere, then it con-
tains a component of )(7y), so the end associated to Z must be geometrically
finite, since the component of IVO M bounded by Z contains a component of
N — C(N). Since all the ends of N0 are geometrically finite, N is itself geometri-
cally finite.

Since N is geometrically finite, we > may assume that (Z\A4 IA’) = (C(]V)OP(N) ).
Also note that, since the closure of C (N) C (N)6 may be identified with P(N )e X
[0, 00), there ex1sts a homeomorphlsm k:NU O, N — C(N)6 — P(N)6 which is
homotopic to ] Then k' o g gives a homeomorphism from M — P’ to N UGN
in the homotopy class determined by p. Thus, p € GFo(M, P'). O

Remarks. (1) If one only requires that p be geometrically finite, and does
not insist on verifying the homeomorphism type, one may make a simpler ar-
gument which is more directly in the spirit of Keen-Maskit-Series [27]. While
establishing that P =P we observed that F(Y)US(R) is a pants decomposition of
the nontoroidal components of OM. This argument did not use Theorem 8.1 or
the topological theory of pared manifolds. It then follows that every component
of M — P which does not contain a component of f(Typ) is a thrice punctured
sphere, and hence that every end of NQ is geometrically finite (as in the next to
last paragraph of the proof of Theorem 9.1.)

(2) Bromberg [14] has recently given a new proof of Theorem 9.1, in the
case that P has no annular components, using cone manifold techniques. His
proof allows C to be any pinchable collection of curves.

10. Compiling the proof. The proof of our Main Theorem follows from
Theorem 10.1 which asserts that minimally parabolic representations in
OGFy(M, P) may be approximated by geometrically finite points in OGFy(M, P)
and Lemma 4.2 which asserts that minimally parabolic representations are dense
in 0GFy(M, P). Notice that Theorem 10.1 generalizes Theorem 16.2 and the Main
Theorem of [17].

THEOREM 10.1. Let (M, P) be any pared 3-manifold. If [p] € OGFy(M, P) is
minimally parabolic, then | p] may be approximated by (conjugacy classes of) geo-



1218 RICHARD D. CANARY AND SA’AR HERSONSKY

metrically finite representations in 0GFo(M, P). If, in addition, Q(p) = 0, then [p)
may be approximated by maximal cusps in OGFy(M, P).

Proof of Theorem 10.1. Let ({Al,...,A"},{z',...,7"}) be a bauble for
p. Lemma 7.1 supplies a sequence {[p,]} in GFy(M, P) converging to [p] and a
sequence {C, } of pinchable pants decompositions of {D, } whose lengths {/(C,)}
converge to 0. Let A ={aj,...,a,} be an allowable collection of test elements,
provided by Proposition 2.1.
We may reorder A so that g; is conjugate into m{(P) if and only if i > my.
We may choose positive constants dy and d; such that

di

4dy < lp(a[) < 4

for all i < my. Let L; be the constant provided by Proposition 9.1 with our chosen
values of dy and d.

Since {[pn]} converges to [p] and {I(C,)} converges to 0, there exists ng
such that if n > ng, then

(1) 2dy < l,,(a;) < 4 for all i < my,
(2)  451(Cy)e" /% < dpy, and
(3) UCy) <Li.

If p,(c,) is an element of p,(m(M)) representing a curve in C, and n > ny,
then Theorem 2.2 implies that there is a representative of p,(c,) in dC(N,,) of
length at most 451(C,)e' /2 < dy. 1t follows that the real translation length
l(pn(cp)) of pu(cy) is less than dy. Therefore, no curve in C, is represented by an
element of A.

Theorem 9.1 implies that, for all n > ng, there exists a geometrically finite
point [p,] € OGFo(M, P) such that

d_A([Pn], [ﬁn]) < GI(Cy).

Since, {da([px],[p]}) and {I/(C,)} both converge to 0, {[p,]} converges to [p].
Thus, {[p,]} is the desired sequence.

Notice that if Q(p) = (), then D, = O¢N,, and C, is a pants decomposition of
OcNp, s0 p,, is a maximal cusp, for each n. O

Combining Lemma 4.2 and Theorem 10.1 gives our main result in the case
that (M, P) is not maximal. If (M, P) is maximal then GFy(M, P) = AH(m(M),
w1 (P)) is a single point, see Keen-Maskit-Series [27], so our main result is vac-
uously true.

MAIN THEOREM. Let (M, P) be a pared 3-manifold such that 71(M) is non-
abelian and OM — P is nonempty. Then conjugacy classes of geometrically finite
representations are dense in the boundary of GFo(M, P).
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Corollary A, which generalizes Corollaries 15.4 and 16.4 in [17], follows
nearly immediately from our main theorem.

COROLLARY A. Let (M, P) be a pared 3-manifold with nonabelian fundamental
group such that OM — P is nonempty. Then the set of conjugacy classes [p] €
OGFy(M, P) such that N, contains arbitrarily short geodesics is a dense Gs subset
of OGFy(M, P).

Proof of Corollary A. 1If g € w1 (M), we consider the function
ly : AH(m1 (M), m1(P)) — [0, 00)

where [,([p]) is the real translation length of p(g). Since /, is continuous for all g,
the set U, of representations in GFy(M, P) whose associated manifolds contain
a closed geodesic of length less than % is open in GFy(M, P) for all n. Since
minimally parabolic representations are dense in OGFy(M, P) and geometrically
finite points are dense in IGFy(M, P), U, is dense in OGFy(M, P) for all n. The
Baire category theorem then applies to show that ),z U, is a dense Gs in
OGFy(M, P). O
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