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1 Introduction

LetM be a geometrically finite pinched negatively curvedRiemannianman-
ifold with cusps. In this paper we study fine properties of the geodesic flow
of M arising from the presence of cusps. There are deep connections be-
tween Diophantine approximation problems and hyperbolic geometry (see
[Dan,For1,For2,HV,HS,Pat,Ser3,Schmi,Sul,Vul3] and their references).
The main purpose of this paper is to extend the existing theory beyond the
arithmetic case, we even allow the curvature to be non constant. To simplify
the statements in this introduction, we assume thatM has finite volume and
only one cusp e.
A geodesic line starting from e either converges to e, or accumulates

insideM . We say that the geodesic line is rational in the first case, and irra-
tional otherwise. LetH2 denote the upper half spacemodel of the hyperbolic
plane. LetM be the orbifoldH2/PSL2(Z). Then a lift starting from∞ of a
rational (irrational) geodesic line ends at a rational (irrational) point on the
real line.
We introduce a new notion of complexity for a rational line r (Defini-

tion 2.8): The depth D(r) of r is the length of the sub-path of r between
the first and last meeting point with the boundary of the maximal Margulis
neighborhood of the cusp. The set of depths of the rational lines is a discrete
subset ofR, whose asymptotic distribution is studied in [BHP,HP2].We de-
fine a natural distance-likemap d on the space of geodesic lines starting from
the cusp (see Sect. 2.1). In constant curvature, it is given by the Euclidean
metric on the boundary of the maximal Margulis neighborhood of the cusp.
In general, it is a slight modification of the quotient of Hamenstädt’s metric
[Ham] on the horosphere covering that boundary.
The first goal of this paper is to give an analogue of a classical theorem

of Dirichlet. When specialized to constant negative curvature, our extension
coincides with a known result for geometrically finite Kleinian groups, see
[Pat,Ser1,HV] and especially [Vul3].

Theorem 1.1 There exists a positive constantK such that for any irrational
line ξ starting from e, there exist infinitely many rational lines r with

d(ξ, r) ≤ Ke−D(r).

We call the infimum of such K the Hurwitz constant of e, and denote
it by KM,e. In the case that M is the hyperbolic orbifold H2/PSL2(Z), or
the quotient of the hyperbolic 3-space H3 by some Bianchi group, KM,e

corresponds to the classical Hurwitz constant for the approximation of real
numbers by rational ones, or the approximation of complex numbers by
elements of an imaginary quadratic number field.
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The distribution (as a subset of R) of the Hurwitz constants of one-
cusped hyperbolic 3-manifolds or orbifolds is unknown, as is their infimum.
Among the one-cusped Bianchi 3-orbifolds, the smallest Hurwitz constant
is obtained byH3/PSL2(O−3), and afterwards it seems to increase with the
discriminant.

The second goal of this paper is to give a geometric interpretation of the
Hurwitz constant. Using as a height function the Busemann function (giving
the “distance” to the cusp, see Section 2), normalized to have value 0 on the
boundary of the maximal Margulis neighborhood (and to converge to +∞
in the cusp), we prove:

Theorem 1.2 The lower bound of the maximal heights of the closed geo-
desics in M is − log 2KM,e.

In particular, there is a positive lower bound for the Hurwitz constant of
manifoldsM with a given upper bound on the length of the shortest geodesic
(since the length of a closed geodesic is at least twice its height).
Let Mg,1 be the moduli space of one-cusped hyperbolic metrics on a

connected oriented closed surface with genus g ≥ 1 and one puncture. We
prove (see Section 4) that the Hurwitz constant defines a proper continuous
map from Mg,1 to [0,+∞[. For higher genus, the one-cusped hyperbolic
surfaces having the smallest Hurwitz constant in their moduli space are
unknown. See also [PP]. The following result is a consequence of [Haa], but
we give an independent proof in Section 4.

Theorem 1.3 The Hurwitz constant is a proper real-analytic map on the
orbifold M1,1, whose minimum 1/

√
5 is attained precisely on the modular

one-cusped hyperbolic torus.

If Γ is a geometrically finite Kleinian group which has∞ as a parabolic
fixed point in the upper half-space model, and is normalized so that the
boundary of the maximal Margulis neighborhood of the cusp is covered by
the horizontal plane through (0, 0, 1), one has the following result, where
c(γ) is the lower left entry of the matrix of γ in Γ . The formula depends on
the normalization.

Theorem 1.4 The Hurwitz constant of H3/Γ is

inf
{γ∈Γ hyperbolic}

√
|tr2γ − 4|

min{γ′∈Γ is conjugate to γ} |2c(γ′)| .

Generalizing the definition in [EP] for geometrically finite hyperbolic
manifolds with one cusp, we define the cut locus of the cusp of M . This
is the subset Σ of points in M from which start at least two (globally)
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minimizing geodesic rays converging to the cusp. Let Le be the boundary
of any standard Margulis neighborhood of the cusp. It follows thatM −Σ
retracts in a canonical way onto Le. Under some technical assumptions (see
Sect. 5) which are satisfied in the constant curvature case, and that will be
assumed throughout the introduction, Σ has a natural smooth locally finite
stratification.

The third goal of this paper is to construct an explicit good approximation
to any irrational line ξ starting from e by rational ones. Using the cut locus
of the cusp Σ, we define in Sect. 6 an explicit sequence of rational lines rn

converging to ξ. To simplify the definition, assume here that ξ is transverse
to the stratification of Σ. In particular, ξ cuts Σ in a sequence of points
(xn)n∈N with xn belonging to an open top-dimensional cell σn of Σ. For
each n ∈ N, let cn be the path consisting of the subsegment of ξ between
e and xn, followed by the minimizing geodesic ray from xn to the cusp e,
starting on the other side of σn. Let rn be the unique geodesic line starting
from e, properly homotopic to cn.

Theorem 1.5 The geodesic line rn is rational and there exists a constant
c > 0 (independent of ξ) such that for every n in N,

d(rn, ξ) ≤ c e−D(rn).

For instance, if γ is a closed geodesic transverse to the stratification
of Σ, then the geodesic line ξ starting from the cusp and spiraling around
γ has an eventually periodic sequence (rn)n∈N. Conversely, if a geodesic
line ξ, starting from the cusp and transverse to the stratification of Σ, has
an eventually periodic sequence (rn)n∈N, then ξ spirals around a closed
geodesic inM .

The fourth goal of this paper is to characterize the endpoints of the
irrational lines by geometrical data obtained from the manifold. Using the
cut locus of the cuspΣ, we parameterize the geodesic lines starting from the
cusp by sequences (an)n∈N, where the an’s belong to a countable alphabet
(see Sect. 7). This alphabet is the set π1(Le,R) of homotopy classes of
paths in Le (relative boundary) between points of a geometrically defined
finite subset R of Le. An irrational line ξ which is transverse to Σ travels
from one point xn of Σ to its next intersection point xn+1 with Σ. By the
properties of Σ, the sub-path of ξ between xn and xn+1 is homotopic to a
path lying on Le, which is an+1 (see Sect. 7).
We prove (Theorem 7.2) that ξ is uniquely determined by the sequence

(an)n∈N. In constant curvature and dimension 3, where Le is a 2-torus, we
give an explicit formula (Theorem 7.5) giving the rn’s in terms of the an’s,
analogous to the expression giving the n-th convergent of an irrational real
number in terms of its continued fraction development. Our search for an



Diophantine approximation for negatively curved manifolds 185

explicit formula expressing the endpoint of an irrational line by geometrical
datawas inspired by [Ser3, TheoremA] (the SL2(Z) case) and [For1, Part II]
(the SL2(Z[i]) case). But, even in the special cases above, our formula gives
new information and calls for further study, among others of the growth
of the depths of rational lines in the good approximation sequence of an
irrational line. One should also consult the work in [Schmi, chapters 2-5],
[Vul3], giving a continued fraction expansion for some complex numbers.
Schmidt’s construction is completely different from ours.
Two more papers in this series are written. In [HP2], we give an ana-

logue of the Khinchine-Sullivan theorem, based on a generalization of the
fluctuating density theorem. In [HP3], we survey the work done in this paper
and in [HP2], and we develop its applications to Diophantine approximation
problems in the Heisenberg group.

Acknowledgements. We are indebted to Steven Kerckhoff, Darren Long, Nikolai Makarov
and Alan Reid for their encouragement, support and many valuable conversations. We are
grateful to Dave Gabai for his encouragement. We thank Peter Shalen for telling us about
Vulakh’s work. Parts of this paper were written during a stay of the first author at the IHES
in August-September 1998, and during a one week stay of the second author at the Warwick
University under an Alliance project. We thank Caroline Series for many helpful comments.

2 Rational and irrational lines starting from a cusp

Let M be a (smooth) complete Riemannian n-manifold with pinched neg-
ative sectional curvature−b2 ≤ K ≤ −a2 < 0. Fix a universal cover M̃ of
M . Let Γ be its covering group.
A geodesic segment (ray, line) in M is a locally isometric map from a

compact interval (a minorated unbounded interval,R respectively), intoM .
Note that any geodesic segment, ray, line in M̃ is (globally) minimizing, but
that this is not always the case inM .
The boundary ∂M̃ of M̃ is the space of asymptotic classes of geodesic

rays in M̃ . Endowed with the cone topology, the space M̃ ∪ ∂M̃ is homeo-
morphic to the closed unit ball in Rn (see for instance [BGS, Section 3.2]).
The limit set Λ(Γ ) is the set Γx ∩ ∂M̃ , for any x in M̃ . See [Bow] for the
following definitions.
Definition 2.1 With Γ and M as above:
1. A point ξ in Λ(Γ ) is a conical limit point of Γ if it is the endpoint of a

geodesic ray in M̃ which projects to a geodesic ray inM that is recurrent
in some compact subset.

2. A point ξ in Λ(Γ ) is a bounded parabolic point if it is fixed by some
parabolic element in Γ , and if the quotient (Λ(Γ )−{ξ})/Γξ is compact,
where Γξ is the stabilizer of ξ.
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3. The group Γ and the manifoldM are called geometrically finite if every
limit point of Γ is conical or bounded parabolic.

We assume in this paper thatM is geometrically finite and non elemen-
tary, i.e. that the limit set contains at least 3 (hence uncountably many)
points. In that case, the limit set is the smallest non empty invariant closed
subset of ∂M̃ . The convex core C(M) of M is the image by the covering
map M̃ → M of the convex hull of the limit set of Γ . For instance, if M
has finite volume, thenM is geometrically finite and C(M) = M .
A cusp in M is an asymptotic class of minimizing geodesic rays in M

along which the injectivity radius goes to 0. If M has finite volume, the
cusps are in one-to-one correspondence with the ends ofM . A geodesic ray
(line) converges to the cusp if some positive sub-ray is asymptotic to a ray
in the equivalence class of the cusp. A geodesic ray converges to some cusp
if and only if some (any) lift in M̃ ends in a parabolic fixed point. From now
on, we fix a cusp e.
Given any minimizing geodesic ray r, recall (see [BGS, Section 3.3])

that the Busemann function βr : M → R is the 1-Lipschitz map defined by
the limit (which exists for all x ∈ M )

βr(x) = lim
t→∞

(t − dM (x, r(t))).

Fix aminimizing ray r converging to the cusp e. Let r̃ be any lift of r toM̃ .
The following facts follow from theMargulis Lemma (see for instance [BK]
and [BGS, Sections 9-10]) and sinceM is non elementary. There exists η0 =
η0(r) inR such that, given t inR, the quotient of the horoball β−1

r̃ ([t, +∞[)
by the stabilizerΓr̃(+∞) inΓ of the endpoint r̃(+∞) of r̃ embeds inM under
the covering map M̃ → M if and only if t > η0. So that for η > η′ > η0,
the level set β−1

r (η) identifies with the quotient of the horosphere β−1
r̃ (η) by

Γr̃(+∞). There is a unique minimizing geodesic ray starting perpendicularly
to β−1

r (η′) at a given point x ∈ β−1
r (η′), and entering β−1

r (]η′,+∞[). It
converges to e and meets β−1

r (η) perpendicularly in exactly one point φ(x).
The distance dM (x,φ(x)) is the constant η− η′. If the curvature is constant
−1, then the homeomorphism φ : β−1

r (η′) → β−1
r (η) induces a contraction

of the induced length metrics of ratio eη′−η < 1.
Define βe(x) = βr(x) − η0. Since Busemann functions of asymptotic

minimizing rays differ by an additive constant, the map βe : M → R does
not depend on r.

Definition 2.2 (Busemann function of the cusp). The map βe : M → R is
called the Busemann function of e, and β−1

e (]0,+∞[) is called the maximal
Margulis neighborhood of e
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Consider the set of geodesic lines c : ] − ∞,+∞[→ M whose negative
sub-rays converge to e and that are recurrent in some compact subset or
ending in some cusp. Identify two of them if they differ by a translation of
the time. An equivalence class will be called a geodesic line starting from
e. The set of equivalence classes will be called the link of e in C(M), and
denoted by Lk(e, C(M)). It is in one-to-one correspondence with a closed
subset of β−1

e (η) ∩ C(M), for any η > 0, by the map which associates to c
its first intersection point with β−1

e (η).

Definition 2.3 (Rational and irrational geodesic lines). A geodesic line
starting from e will be called rational if it converges to e. A geodesic line
starting from e which is positively recurrent in same compact subset will be
called irrational.

Being a rational line is equivalent to requiring that the line meets per-
pendicularly a second time a level set β−1

e (η), for any η > 0 (after that, it
is contained in β−1

e ([η,+∞[) and converges to e).

2.1 The cuspidal distance on the link of the cusp

For our approximation purpose, we will need to measure how close are two
points in the link of e in C(M). For that we will define a “distance-like”
map d : Lk(e, C(M)) × Lk(e, C(M)) → [0,+∞[ as follows.
Let H be any horosphere in M̃ centered at a ∈ ∂M̃ . We first define a

map dH : H ×H → [0,+∞[. Let x be a point onH , let Lx be the geodesic
line through x starting at a and let x′ be its endpoint (see Fig. 1), so that Lx

is oriented from x towards x′. For r > 0, letHr be the horosphere centered
at x′, meeting Lx at a point u at signed distance− log 2r of x along Lx. For
every x, y in H , define dH(x, y) to be the infimum of all r > 0 such that
Hr meets Ly.
This map dH is a priori not symmetric nor transitive. In constant curva-

ture, it coincides with the induced Riemannian metric (which is flat) on the
horosphere H . To prove that (see Fig. 1), by naturality of the construction,
one may assume that a is the point at infinity in the upper half-space model
with curvature −1, and H is the horizontal horosphere t = 1. Let r be the
Euclidean distance between x and y. Let Hr be the horosphere which is
tangent to the horizontal coordinate hyper-plane at the vertical projection x′

of u, and has Euclidean radius r. It bounds a horoball which is the smallest
one meeting the vertical line through y. An easy computation shows that the
hyperbolic distance between x and u is − log 2r.
If for any two points on an horosphereH in M̃ , there exists an isometry in

M̃ preserving the horoball bounded byH which exchanges the two points,
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Fig. 1. The “metric” on the link of a cusp

then dH is symmetric. This is the case if M̃ is a symmetric space (of non
compact type) of rank one.
From the topological point of view, the map dH is as good as a distance:

Proposition 2.4 For every x in H , let BdH (x, ε) = {y ∈ H | dH(x, y) <
ε}. Then {BdH (x, ε) | ε > 0} is a fundamental system of neighborhoods at
x.

Proof. Since M̃ is a negatively curved Riemannianmanifold, the mapH →
∂M̃ − {a} which sends x to x′ is a homeomorphism. So we only have to
prove that {B′(x′, ε) | ε > 0} is a fundamental system of neighborhoods at
x′, withB′(x′, ε) = {y′ ∈ ∂M̃ −{a} | dH(x, y) < ε}. Assume that y′ += x′,
let HB′ be the smallest horoball centered at x′ and meeting Ly. Let H ′ be
the boundary of HB′, then H ′ is tangent at Ly in a point v and meets Lx

in a point u (see Fig. 1). Let p be the perpendicular projection of v on Lx.
By convexity of the horoballs, the point p belongs to HB′, so that x, u, p
are in this order on Lx. By the existence of a negative upper bound on the
curvature, there exists (see for instance [GH]) a constant C > 0 (depending
only on the bound) and amap fromLx∪Ly into a treeT which is an isometry
on Lx and on Ly, and preserves the distances up to the additive constant C.
Let z be the image in T of any z ∈ Lx ∪ Ly, and let a, x′, y′ be the ends
of T corresponding to a, x′, y′. Take x as basepoint in T . Since Lx, Ly are
asymptotic in a, their images Lx, Ly meet in a sub-ray from P to the end
a, where P is the point in T which is the projection of y′ on Lx. The map
z ,→ z preserves the distances (and hence also the Busemann functions)
up to the additive constant C. By the properties of the Busemann functions
in trees, since u, v lie on the same horosphere in M̃ , the points ū, v̄ are on
horospheres centered at x̄ at distance at most 2C. So that if v lies between
P and y′ and u between x and P , then

|dT (u, P ) − d(v, P )| ≤ 2C
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otherwise both u and v lie onLx or on the geodesic between x′ and y′, hence

dT (u, v) ≤ 2C.

Since u lies on the smallest horosphere centered at x′ and meeting Ly, and
since the smallest horoball in T centered at x′ which contains a point of
Ly has its horosphere passing through P , it follows that dT (u, P ) ≤ 2C.
Hence if v lies between P and y′ and u between x and P , one has

dT (u, v) ≤ dT (u, P ) + d(v, P ) ≤ 6C.

Therefore the points u and v are at distance in M̃ at most 7C. Hence x′ and
y′ are close on ∂M̃ if and only if x′, y′ are close on ∂T , which is equivalent
to x, P, x′ being in this order on Lx and dT (x, P ) is big, which occurs if
and only if x, u, x′ are in this order on Lx and d

M̃
(x, u) is big. This proves

the result. 2.4

We now define a map d on Lk(e, C(M)) by taking quotients.

Definition 2.5 For any η > 0, let Hη be any horosphere in M̃ covering
β−1

e (η), and let π : M̃ → M be the covering map. For any two points x, y
in Lk(e, C(M)), identified as above with a closed subset of β−1

e (η), define
d(x, y) as the infimum of eηdHη(x̃, ỹ) for all the preimages x̃, ỹ in Hη of
x, y respectively.

It is easy to show that the map d, called the cuspidal distance, on
Lk(e, C(M))× Lk(e, C(M)) does not depend on the choice of the horo-
sphere Hη (by equivariance), nor on η > 0. This is because if H, H ′ are
horospheres in M̃ centered at the same point at infinity a, with H ′ (for
example) contained in the horoball bounded by H , with ∆ the (constant)
distance betweenH ′ andH , then dH′ = e−∆dH , where φ : H ′ → H is the
radial projection from a.
In general, d might a priori not be a distance. It is a distance if M

is locally symmetric. If furthermore the curvature is constant −1, then d
coincides with the (flat) induced length metric on β−1(η) normalized by eη.

ForX a complete simply connected Riemannian manifold with pinched
negative curvature with curvature upper bound−1, Hamenstädt defined (see
[Ham]) a distance on the space at infinity minus a point a, depending on
an horosphere H centered at a, as follows. The distance between x, y in
∂X − {a} is given by

δ(b, c) = lim
t→∞

e−t+ 1
2dX(bt,ct)
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where t ,→ bt, t ,→ ct are geodesic lines starting from a, ending in b, c
respectively and passing through H at time 0. In [HP1, Appendix], we
proved that this limit exists and defines a metric for any CAT(−1) spaceX .
By identifying ∂X −{a}with the horosphereH as usual (sending b += a

to the point of intersectionwithH of the geodesic line starting ata and ending
at b), one gets a metric δH on H . Our metric dH is equivalent to δH :

Remark 2.6 Assume that the upper bound on the curvature of M is −1.
Then there exists a constant c > 0 such that for every x, y in H

1
2
δH(x, y) ≤ dH(x, y) ≤ cδH(x, y).

Proof. Keeping the notations of the definition of dH (and Fig. 1), we have,
since u (resp. v) lies on the segment between x (resp. y) and xt (resp. yt) for
t big enough, by the triangle inequality, since the minimum of the distances
between a point of H and a point of Hr is attained by dX(x, u), and since
u, v lie on the same horosphere centered at x′, if ε is small enough, then for
t big enough,

−2t + dX(xt, yt) = −[dX(x, u) + dX(u, xt)] − [dX(y, v)

+dX(v, yt)] + dX(xt, yt)

≤ −dX(x, u) − dX(u, xt) − dX(y, v) − dX(v, yt)

+dX(xt, v) + dX(v, yt)

≤ −2dX(x, u) + [dX(v, xt) − dX(xt, u)]

≤ −2dX(x, u) + ε = 2 log(2dH(x, y)) + ε

so that
δH(x, y) ≤ 2dH(x, y).

If M was a tree, then it is easy to see that dH = δH . By the techniques
of approximation by trees (see for instance [CDP]), there exists a universal
constant c such that dH(x, y) ≤ cδH(x, y).

Since δH is a distance (inducing the right topology), this gives another
proof of proposition 2.4.

2.2 The depth of rational geodesic lines

In this subsection we define a notion of complexity for the rational geodesic
lines. First we give a correspondence between rational geodesic lines and
double cosets in π1(M). When dealing with an orbifold O, π1O denotes
the orbifold fundamental group of O.
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Choose a base point on the level set L = β−1
e (1). (The first intersection

point of the geodesic line starting from e passing through the base point with
any level set β−1

e (η) for η > 0 gives a base point on that level set and we
will use the subsegments of that geodesic line to identify the fundamental
groups ofM based at the base points on different level sets.) By theMargulis
Lemma, the inclusion i : L → M induces an injection between fundamental
groups i! : π1L → π1M (use the chosen base point both for L andM ). We
identify π1L with its image.

Lemma 2.7 The set of rational lines is in one-to-one correspondence with
the set of non-trivial double cosets π1L\(π1M − π1L)/π1L.

Proof. Let r be a rational line. Let c be its sub-path taken between the two
perpendicular intersection points x, y withL. Following first a path onL be-
tween the base point and x, then c, then a path onL from y to the base point,
defines an element in π1M whose double coset is uniquely defined, and
is non trivial, since r cannot be properly homotoped into β−1

e (]1,+∞[).
Conversely, the straightening process (inside a given homotopy class of
paths in M − β−1

e (]1,+∞[) with endpoints staying in L) associates a ra-
tional line to each non trivial double coset. More precisely, to any path c
in M − β−1

e (]1,+∞[) with endpoints on L, let c̃ be a lift of c to M̃ . Its
endpoints belongs to two lifts L̃1, L̃2 which are disjoint, unless c is homo-
topic into L. The horoballs bounded by L̃1, L̃2 are closed convex subsets of
M̃ with no common point at infinity. Since the curvature is negative, there
exists a unique common perpendicular segment s. The projection of s to
M gives a geodesic segment inM homotopic to c by an homotopy moving
the endpoints along L, which is a subsegment of a rational line. Clearly, the
above two maps are inverse one of the other. 2.7

We measure the complexity of a rational line r using the length /η(r) of
its subsegment between the two perpendicular intersection points with any
level set β−1

e (η) for η > 0.

Definition 2.8 (Depth of a rational line). The depth of a rational line r is
D(r) = /η(r) − 2η.

By the properties of the level sets β−1
e (η), the depthD(r) is independent

of η.

Remark 2.9 The set of depths of rational lines starting from e is a discrete
subset of R, with finite multiplicities.

Indeed, the set of intersections with the preimage of C(M) of the horo-
spheres covering β−1

e (1) is locally finite in the universal covering of M ,
since the group acts discretely, and the stabilizer of each such intersection
acts cocompactly on it.
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2.3 The constant curvature case

In the case of constant negative curvature, we have the following precise
description, which also extends to the orbifold case. We restrict to the di-
mension 3, though everything is valid in higher dimensions using the Vahlen
matrices (see for instance [Ah]).
Let M be a connected orientable geometrically finite complete hyper-

bolic 3-orbifold. Then, according to the description of the thin part of M ,
each cusp e ofM has a neighborhoodN isometric (with the induced length
metric) to (T × [a,+∞[, ds2) where a = a(N) ∈ R is some constant,
T = T (e) is a connected orientable flat 2-orbifold with metric dx2, and
ds2 = e−2tdx2 + dt2. In all what follows, the cusp e is fixed.
We will call such anN a standard cusp neighborhood (of e). The union

of all standard cusps neighborhood is isometric to T ×]a0,+∞[ endowed
with the metric ds2 = e−2tdx2 + dt2 for some a0 > 0, and we fix such
an isometry. Choose a base point ∗ on T . This gives a choice of base-point
as above by considering the geodesic ray corresponding to {∗}×]a0,+∞[.
Using orbifold fundamental groups, the set of rational lines is in one-to-one
correspondencewith the set of double cosetsπ1∂N\(π1M−π1∂N)/π1∂N .
We note that for a geodesic c in an orbifold that meets transversally the

singular locus of the orbifoldM (which is a finite metric graphwith possibly
some points removed, corresponding to some ends) at a point x, then in-
going and outgoing tangent vectors of c at xmake an angle strictly less than
π.

Using a suitable uniformization of M , the depth of a rational line can
be computed in algebraic terms. We will use the upper half-space model
{(z, t) | z ∈ C, t > 0} for the real hyperbolic 3-space H3, with the metric

ds2 =
|dz|2 + dt2

t2
.

Wefix an isometry betweenM andH3/Γ withΓ a subgroup of Isom+(H3),
in the following way.
By the Cartan-Hadamard theorem, there exists such an isometry, which

induces an isomorphism between the orbifold fundamental group π1M of
M and Γ . Up to conjugating Γ , we may assume that the stabilizer Γ∞ of
the point at infinity in the upper half space model, corresponds to π1(∂N),
for N any standard cusp neighborhood of e. For any h > 0, let H∞(h)
be the horizontal horosphere, defined by the equation t = h in the upper
half-space. Note that Γ∞ is a discrete group of isometries of each H∞(h)
in H3.
We may assume, up to conjugating Γ by a dilatation, that H∞(h)/Γ∞

injects into M if and only if h > 1 (this is coherent with the previous
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normalization). So that each standard cusp neighborhood of e is of the form
H+

∞(h)/Γ∞ for someh ≥ 1, whereH+
∞(h) is the set of points (z, t)with t >

h. The uniformization H3 → M is well defined only up to precomposition
by an isometry of the form z ,→ az + b with a, b complex numbers and
|a| = 1, but the subsequent constructions will not depend on the choice of
the uniformization.
In all what follows, we will identify the link of e in C(M) with a closed

subset of C/Γ∞ (the whole of C/Γ∞ if M has finite volume), by the map
which sends a geodesic line r starting from e to the endpoint on the horizontal
coordinate plane of any lift r̃ starting at ∞ of r, modulo Γ∞. The distance
d on Lk(e, C(M)) defined in Definition 2.5 is exactly the restriction of
the Euclidean distance on C/Γ∞, since the map (z, 1) ,→ z from H∞(1)
(endowed with the induced length metric) to C (with the Euclidean metric)
is an isometry.
Since Isom+(H3) = PSL2(C) = SL2(C)/{±1}, we will write each

γ ∈ Γ as

γ = ±
(

a(γ) b(γ)

c(γ) d(γ)

)
,

which acts on C ∪ {∞} as usual by the Möbius transformation

z ,→ a(γ)z + b(γ)
c(γ)z + d(γ)

.

Using these identifications we obtain an explicit expression for the end-
point (on the complex plane) of any rational ray r.
Lemma 2.10 Let Γ∞γΓ∞ be the double coset associated to a rational line
r. Then r = a(γ)

c(γ) (mod Γ∞) and D(r) = 2 log |c(γ)|.

Proof. Let r̃ be any lift of r to H3 starting from ∞, which is a descending
vertical geodesic. Any two such lifts differ by the action of an element ofΓ∞.
By the definition of γ, there exists an elementα inΓ∞ such that the endpoint
of r̃ on the horizontal coordinate plane is αγ(∞). Since γ does not fix ∞,
c(γ) is different from zero. For any α in Γ∞ we have αγ(∞) = α(a(γ)

c(γ) ).
By taking the image in C/Γ∞ the first assertion of the lemma follows.
The horizontal horosphere H∞(1) centered at∞ is mapped by γ to the

horosphere centered at γ(∞) of Euclidean diameter 1
|c(γ)|2 . By the defini-

tion of the depth, this implies the second assertion of the lemma (which is
independent of the choice of the representative of the double coset). 2.10

3 The approximation constant

In this section we study the approximation of irrational rays by rational
ones, in pinched negatively curved Riemannian manifolds. We keep the
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same notations as in the beginning of the previous section, in particular for
the cuspidal distance d on Lk(e, C(M)).
Theorem 3.1 establishes an analogue of the classical approximation the-

orem by Dirichlet (which says that for every real number x, there is a con-
stant c > 0 and infinitely many rational numbers p

q with |x − p
q | ≤ c

q2 ).
Theorem 3.2 gives an analogue of the classical Hurwitz constant. These
two results were known in constant curvature (see for example [HS,HV,
Vul1,Vul2]). Theorem 3.4 gives a relation between the Hurwitz constant
and the heights of closed and non-cusp converging geodesic lines, which
is new even for Fuchsian or Kleinian groups. Corollary 3.6 expresses the
Hurwitz constant for a Kleinian group Γ in algebraic terms, once a natural
normalization of Γ has been made. At the end of this section we present
some known values of the Hurwitz constant for the Bianchi groups.

Theorem 3.1 Let M be a pinched negatively curved geometrically finite
Riemannian manifold. For any irrational line ξ starting from a cusp e, there
exists a constant K > 0 such that for infinitely many rational lines r, one
has

d(r, ξ) ≤ Ke−D(r).

For a given ξ, the infimum over all suchK’s is denoted byK(ξ), and is
called the Hurwitz constant of ξ. The supremum ofK(ξ) over all irrational
lines ξ will be called theHurwitz constant of e, andwill be denoted byKM,e.

Theorem 3.2 Let M be a pinched negatively curved geometrically finite
Riemannian manifold. For every cusp e of M , we have

0 < KM,e < ∞.

The maximum of KM,e on the finitely many cusps e of M is a new
invariant of the geometrically finite pinched negatively curved manifoldM ,
that we call the Hurwitz constant of M . Theorem 1.1 of the introduction
follows from Theorems 3.1 and 3.2.
Let P be a non empty closed subset ofC(M)which does not meet some

neighborhood of e. Define the height of P with respect to the cusp e to be
the maximum of the normalized Busemann function of e on P , that is

ht(P ) = max
x∈P

βe(x).

Let us prove that the maximum is attained. Set t = supx∈P βe(x) ∈
]0,+∞[. Since M is geometrically finite and P is contained in C(M),
the subset P ∩ (β−1

e ([t − 1,+∞[) − β−1
e (]t + 1,+∞[)) is compact. The

maximum of βe on P is attained in that compact set.

Definition 3.3 With the above notations,
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– let hM,e be the infimum of all h in R such that there exists an irra-
tional line starting from e eventually avoiding the Busemann level set
β−1

e ([h, +∞[),
– let h′

M,e be the infimum of the heights of the closure of the geodesic lines
contained in C(M) that neither positively nor negatively converge into
a cusp, and

– let h′′
M,e be the infimum of the heights of the closed geodesics.

The height spectrum (i.e. the subset of R consisting of the heights of
the closed geodesic), as well as in the surface case its restriction to simple
closed geodesic, deserves further study (see for instance [Haa,LS]).We give
in the next section examples were h′′

M,e is attained, and examples where it
is not attained (Proposition 4.1).

The following result relates the Hurwitz constant to heights of closed
and non-cusp converging geodesic lines. Partial cases of the second equality
were known (see the work of Humbert and Ford (see [For2]) for SL2(Z)
and SL2(Z[i]), and [HS] in the case that M̃ is isometric to H2).

Theorem 3.4 LetM be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, and let e be a cusp of M . Then

1
2KM,e

= exphM,e = exph′
M,e = exph′′

M,e.

Proof. Choose (arbitrarily) one of the parabolic fixed points in ∂M̃ cor-
responding to the cusp e, and call it ∞. The other parabolic fixed points
which project to e are of the form γ(∞) for γ ∈ Γ . For h in R and γ ∈ Γ ,
let Hγ(∞)(h) = γH∞(h) be the horosphere centered at γ(∞) at signed
distance h from Hγ(∞)(0), which is a lift of the level set β−1

e (h) if h > 0.
If γ += γ∞, let r̃ be the geodesic line from∞ to γ(∞), and r be the rational
line, which is the projection of r̃ in the link of e in C(M). By Definition
2.8 of the depth, the (signed) distance between the intersection points of
r̃ with respectively H∞(0) and Hγ(∞)(h) is D(r) + h. If ξ is a point in
Lk(e, C(M)) close enough to r, let Lξ be the (unique) geodesic line start-
ing from∞ which is the closest to r̃ of the lifts of ξ in M̃ starting from∞.
Then, by the definition 2.5 of the distance d on the link, the geodesic line
Lξ meets Hγ(∞)(h) if and only if d(r, ξ) ≤ 1

2e−D(r)−h = 1
2eh e−D(r). The

first equality follows.

Let H+
γ(∞)(h) be the horoball in M̃ whose boundary is Hγ(∞)(h). Let

C̃(M)be the convexhull of the limit setΛ(Γ ). It is immediate thath′
M,e is the

infimumof allh inR such that C̃(M)−
⋃

γ∈Γ H+
γ(∞)(h) contains a geodesic
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line. Also, h′′
M,e is the infimum of all h such that C̃(M)−

⋃
γ∈Γ H+

γ(∞)(h)
contains a periodic geodesic line (i.e. one whose stabilizer acts cocompactly
on it).
The inequality h′

M,e ≤ h′′
M,e is clear. Since M is geometrically finite

and non elementary, there exists at least one closed geodesic in M . Hence
h′′

M,e is different from +∞, and so is h′
M,e.

Let us prove that hM,e ≤ h′
M,e. Assume first that h′

M,e is not −∞. For
every ε > 0, take h ∈ R such that

h′
M,e < h ≤ h′

M,e + ε.

By the definition of h′
M,e, there exists a geodesic line c in C̃(M) avoiding⋃

γ∈Γ H+
γ(∞)(h), so in particular its endpoints are not in the orbit of∞. Let

Lξ be the geodesic line starting at ∞ and ending at one of the endpoints
of c. The geodesic line Lξ is contained in C̃(M). By the existence of a
negative upper-bound on the sectional curvature, Lξ and c are asymptotic at
their common endpoint. That is, there exists a positive sub-ray ofLξ which is
contained in an ε-neighborhood of c. In particular this sub-ray does not meet⋃

γ∈Γ H+
γ(∞)(h+ε), since the horospheresHγ(∞)(h) andHγ(∞)(h+ε) are

at distance ε one from the other, withH+
γ(∞)(h+ ε) ⊂ H+

γ(∞)(h). HenceLξ

projects intoM to an irrational line meeting only finitely many projections
of horoballs H+

γ(∞)(h + ε). Therefore hM,e ≤ h + ε ≤ h′
M,e + 2ε. The

assertion follows. In particular, hM,e is not+∞. An analogous proof shows
that if h′

M,e = −∞, then hM,e = −∞.
Let us prove that h′′

M,e ≤ hM,e. Assume first that hM,e is not −∞. For
every ε > 0, take h > 0 such that

hM,e < h ≤ hM,e + ε.

By the definition ofhM,e, there exists a geodesic lineLξ starting at∞, ending
in a point of Λ(Γ ) which is not a parabolic fixed point, and which meets
only finitely many horoballs H+

γ(∞)(h). Let R be a positive sub-ray of Lξ

avoiding these horoballs. Since the endpoint ofR is a conical limit point, the
image r inM of the rayR is recurrent in a compact subset ofM . Moreover,
it is recurrent in a compact subset of T 1M . Therefore r comes arbitrarily
close to itself in T 1M . By the closing lemma (see for instance [Ano]), there
exists a closed geodesic which is contained in the ε-neighborhood of r. Any
preimage of this closed geodesic is a periodic geodesic line, which avoids
every horoball H+

γ(∞)(h + ε). Hence h′′
M,e ≤ h + ε ≤ hM,e + 2ε. The

inequality follows. An analogous proof shows that if hM,e = −∞, then
h′′

M,e = −∞. This completes the proof of the theorem. 3.4
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Proof of Theorems 3.1 and 3.2. Since M is geometrically finite and non
elementary, there exists at least one closed geodesic in M . Furthermore,
every closed geodesic meets a fixed compact subset of M , obtained by
removing a cusp neighborhood of each end from C(M). Therefore h′′

M,e is
finite. It hence follows thatKM,e is positive and finite. 3.1, 3.2
Till the end of this section, we assume that M is a geometrically finite

hyperbolic 3-orbifold, uniformized as in the end of Sect. 2.3. For any non
parabolic element γ ∈ Γ , define the height of γ to be

ht(γ) = e− D(rγ )
2

∣∣∣∣ sinh
/(γ)
2

∣∣∣∣

where rγ is the rational line starting from ∞ corresponding to the double
coset Γ∞γΓ∞, and /(γ) is the complex translation length of γ.
Lemma 3.5 The height of γ is

ht(γ) =

∣∣∣∣∣

√
tr2γ − 4
2c(γ)

∣∣∣∣∣ ,

which is the Euclidean vertical coordinate of the highest point on the trans-
lation or rotation axis of γ.

Proof. Let γ = ±
(

a b
c d

)
be a non-parabolic element in Γ . The first claim

follows from Lemma 2.10 and the equality cosh '(γ)
2 = tr γ

2 .
The second part is well known (see [HS]). The two endpoints γ−, γ+ of

its translation or rotation axis are the solutions of the equation az+b
cz+d = z.

Hence γ± = a−d±
√

tr2γ−4
2c (since γ is not parabolic, one has c += 0 ). The

highest point on the translation axis of γ has vertical coordinate 1
2 |γ+−γ−|.

The result follows. 3.5
Corollary 3.6 IfKM,e is theHurwitz constant of a cusp e of a geometrically
finite hyperbolic 3-orbifold M , then

1
2KM,e

= inf
{γ∈Γ | Re '(γ)>0}

max
δ∈Γ

ht(δγδ−1).

Proof. The exponential of the height of the closed geodesic representing
the conjugacy class of an element γ of Γ is the supremum of the Euclidean
vertical coordinates of the points on the lifts to H3 of the closed geodesic,
hence is exactly supδ∈Γ ht(δγδ−1).To see that this upper bound is attained,
as the translation length is a conjugacy invariant, one only has to apply
Remark 2.9 and Lemma 2.10. They imply that the |c(γ)|’s, for γ moving
the point∞, form a discrete subset of R, and have a positive lower bound.
3.6
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Remark. The right hand side of the equation may seem to depend on con-
jugation of Γ , but the map ht has been defined by suitably choosing some
conjugate of Γ . The formula may be used to compute the Hurwitz con-
stants of Fuchsian or Kleinian groups, as the Hurwitz constants of the mod
p congruence subgroups of SL2(Z).

Remark. If MZ is H2/PSL2(Z), then MZ has only one end and (the first
equality being due to Hurwitz)

1
2KMZ

=
√

5
2

= expht

(
2 1

1 1

)
.

It is proved in [HS] (as well as analogous statements for the case of Hecke

groups) that
(

2 1
1 1

)
realizes the maximum height in its conjugacy class.

Let d be a square-free positive integer. Let O−d be the ring of in-
tegers in the imaginary quadratic field Q(

√
−d). Let Md be the hyper-

bolic 3-orbifold quotient of H3 by the Bianchi group PSL2(O−d). Then
(see for instance [Swa]) Md has one and only one cusp if and only if
d = 1, 2, 3, 7, 11, 19, 43, 67, 163, in which case the known values and esti-
mates on the Hurwitz constantKMd are given by the following table, up to
our knowledge:

d 1 2 3 7 11 19 43 67 163

KMd

1√
3

[For2]

1√
2

[Per2]

1
4√13

[Per1]

1
4√8

[Hof]

2√
5

[DP]
1

[Poi]

√

11
5 ≤ KM43 ≤

√

13
3

[Poi] [Vul1]
? ?

The only d for which we know an element of PSL2(O−d) realizing the
min-max in the expression of 1

2KMd
given by Corollary 3.6 is d = 1 (see

[For2] between the lines), for which the following element works:



2 − i 2i

−2i 2 + i





Note that in particular, the formula of Corollary 3.6 explains the general
shape of the above results, since in these cases, the Hurwitz constant is an
inf-max of numbers of the form 2

√
N(u)

4
√

N(v)
with u, v algebraic integers inO−d,

hence having integral norms N(u), N(v).
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4 The Hurwitz constant of once-punctured hyperbolic tori

In this section, we study theHurwitz constant for cusped hyperbolic surfaces
M with a chosen cusp e. We compute it in the case of once-punctured
hyperbolic tori. Though the main result (Theorem 1.3) can be deduced from
[Haa] by an appropriate translation to our more general setting, we give an
independent proof. Recall thath′′

M,e is defined as the infimumof the heights
(with respect to e) of the closed geodesics inM .

Proposition 4.1 Let M be the (unique up to isometry) complete hyper-
bolic thrice punctured sphere, and e1, e2, e3 its cusps. The infimum defining
h′′

M,e1 is not attained on a closed geodesic, but is attained on a (simple)
geodesic line starting from e2 and converging to e3.

Proof. The manifoldM is obtained by doubling along its boundary an ideal
hyperbolic triangle τ . Fix a lift of one of these two triangles in a universal
cover M̃ ofM , and identify it with τ (by the coveringmap). Let / be the side
of τ opposite to its vertex corresponding to e1. The height of / is easily seen to
be exactly 0. Let ξn, ξ′n be the endpoints of /. LetHn,H′

n be two horocycles
of Euclidean radius 1

n based at the two endpoints ξ, x′ respectively. Let
xn, x′

n be the intersection points of / with Hn,H′
n respectively. Let /n be

the subarc of / between xn and x′
n. Let γn be the closed path in M , which

follows the image of /n inM , then turns n times around the image ofHn in
M , then follows the image of /n inM in the opposite way, then turnsn times
around the image ofH′

n inM . The closed geodesic γ∗
n freely homotopic to

γn which converges, for the uniform Hausdorff distance on compact subsets
ofM , to (the image inM of) /. We conclude that the heights of these closed
geodesics converge to 0. Consider the open subsetU of the points inM with
height strictly less than 0. It is the disjoint union of two open half-cylinders
whose fundamental groups are parabolic. Since there is no closed geodesic
entirely lying in U , this proves the result. 4.1

In the sameway, there exists anhyperbolic torusM with twocusps e+, e−
such that the infimum defining h′′

M,e+ is not attained on a closed geodesic,
but is attained on a geodesic line starting from e− and converging to e−. One
may for instance take the double along the boundary of the hyperbolic pants
with side lengths 0, a, a, i.e. one cusp and two totally geodesic boundary of
the same length a > 0. The difference between the infimum of the heights
of the simple closed geodesics with the one on all closed curves can go to
+∞, as can be seen with the previous example by letting a goes to 0.

Let Mg,1 be the moduli space of one-cusped hyperbolic metrics on a
closed, connected and oriented surface S with genus g ≥ 1 and having one
puncture.
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Proposition 4.2 Leth′′ : Mg,1 → ]−∞,+∞[ be themapwhich associates
to (the isometry class of) a one-cusped hyperbolic metric on S, the infimum
of the heights with respect to its cusp of its closed geodesics. Then h′′ is
continuous and proper.

Proof. Letσ,σ0 be twoone-cusped hyperbolicmetrics onS. Ifσ sufficiently
is close to σ0 in themoduli space, then there exists a smooth diffeomorphism
f of S such that f∗σ and σ0 coincide outside a compact subset, and are
sufficiently close on that compact subset. In particular, their height functions
are close. Every closed geodesic γ for one metric is then a closed curve with
geodesic curvature at most ε for the other metric. But such a closed curve c
is at uniform distance at most dε from a genuine closed geodesic c′, with dε

(depending only on ε) tending to 0 as ε → 0. Hence the height of c and c′

are very close. This proves that h′′ is continuous.
Let us prove that h′′(u) converges to −∞ when u goes out of every

compact subset of Mg,1. By the Mumford Lemma, hyperbolic surfaces
converge to infinity in their moduli space if and only if they develop a short
closed geodesic. By the Margulis Lemma, the height of a short geodesic is
low, so the result follows. 4.2

This continuity and properness result holds for a much larger class of
Riemannian manifolds. For any a, b, v in ]0,+∞[, letMa,b,v,n be the set of
(isometry classes of) Riemannian n-manifolds (M,σ) with sectional cur-
vatureK satisfying−b2 ≤ K ≤ −a2, with volume at most v, and with one
cusp e. Endow it with the Lipschitz topology on compact subsets, i.e. (M,σ)
is close to (M ′,σ′) if there exist big compact sub-manifolds K of M and
K0 inM0, and a smooth diffeomorphism f fromK toK ′ such that f∗σ and
σ′ are uniformly close on K ′. By an easy adaptation to the finite volume
with one cusp case of the compactness theorem of Cheeger-Gromov, for
very i > 0, the subset of points of Ma,b,v,n,i whose non-peripheral injec-
tivity radius is at least i, is compact. This theorem gives the analog of the
Mumford lemma of the previous situation.

We now give the explicit computation of the map h′′ : M1,1 → ] −
∞,+∞[ in terms of the Fenchel-Nielsen coordinates. In particular we prove
that h′′ is real-analytic, that the infimum defining h′′([σ]) is attained on (one
of) the shortest simple closed geodesic for [σ] ∈ M1,1. We also compute
the maximum of h′′ on the moduli space, and on which points it is attained.
We start with two easy geometrical lemmas, whose proofs are either

omitted or sketched.

Lemma 4.3 In the Euclidean plane, consider two circles c, d of radii r, s
respectively, bounding disjoint discs, tangent to a line, with distance t be-
tween the tangency points P, Q. LetR be the radius of the semi-circle C on
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Fig. 2. Heights of common tangent semi-circles

the line, tangent to c, d and containing c but not d. Let S be the radius of
the semi-circle D on the line, tangent to c, d and containing d but not c. If
t ≥ r + s and r ≥ s, then R ≥ S.

Proof. By considering the right-angled triangle with vertices at the center
of d, the center of C, and Q, we obtain

(R + s)2 = s2 + (t + x)2,

with x the (signed) distance between the center of C and P . By considering
the right-angled triangle with vertices the center of c, the center of C and
P , one gets

(R − r)2 = r2 + x2.

Eliminating x, this implies that

R2(t2 − (r + s)2) + Rt2(s − r) − t4

4
= 0.

Similarly, one gets

S2(t2 − (r + s)2) + St2(r − s) − t4

4
= 0.

By substracting the second equation from the first, one gets

(R − S)(R + S)(t2 − (s + r)2) + (s − r)t2(S + R) = 0

so that if t ≥ r + s and r ≥ s, then R ≥ S. 4.3

Lemma 4.4 For every α ≤ π
2 , in the upper-half-space model of the hyper-

bolic plane, the hyperbolic distance between the points of angle α and of
angle π

2 on an Euclidean circle centered at the origin is log cot α
2 .



202 S. Hersonsky, F. Paulin

LetS be the (smooth) once-punctured torus, andγ be an essential (i.e. ho-
motopic neither to a point nor to the puncture) simple closed curve on S.
The real-analytic Fenchel-Nielsen coordinates (see for instance [FLP]) for
the Teichmüller space T1,1 of the marked hyperbolic metrics on S are the
length / ∈ ]0,+∞[ of (the closed geodesic for the marked hyperbolic metric
which is freely homotopic to) γ and the twist parameter θ ∈ R around it.
We define h′′(/, θ) as the infimum of the heights of the closed geodesics

on the image by the canonical map T1,1 → M1,1 of the point with Fenchel-
Nielsen coordinates / ∈ ]0,+∞[ and θ ∈ ] − ∞,+∞[.
We will use the following constants. Let /min = 2 ln(1 +

√
2), /max =

2 ln 3+
√

5
2 , and

θmin(/) =






4π
/

cosh−1(sinh
/

2
) if / ≥ /min

0 otherwise
.

The following is a well-known range reduction for the study of h′′(/, θ).

Proposition 4.5 Every point in the Teichmüller space T1,1 is equivalent
under the mapping class group of S to a point having Fenchel-Nielsen
coordinates (/, θ) satisfying / ∈ ]0, /max], and θ ∈ [θmin(/),π].

Proof. Recall that the diffeomorphism group of S acts transitively on the
essential simple closed curves on S. Hence any marked hyperbolic structure
on S is equivalent under the mapping class group to a new one for which
(the closed geodesic which is freely homotopic to) γ is one of the shortest
closed geodesics. Let us prove that the Fenchel-Nielsen coordinates of the
new point in T1,1 satisfy the above requirements.

Step 1. Range of /.
It is well known (see for instance [Schmu]) that the unique (up to isome-

try) once-punctured hyperbolic torus, such that its systole (i.e. the length
of its shortest closed geodesic) is maximum, is the modular one, Tmod
(i.e. Tmod = H2/Γ where Γ is the commutator subgroup of PSL2(Z)).
Geometrically (see Fig. 3), Tmod is obtained by gluing isometrically oppo-
site faces of an hyperbolic hexagon with a dihedral symmetry group of order
6, and angles alternatively 0 and 2π/3. The closed geodesics, whose lengths
are the smallest, are exactly the three simple geodesics obtained by taking
the common perpendicular to opposite edges of the hexagon.
Using Lemma 4.4, it is easy to see that the Fenchel-Nielsen /-coordinate

of Tmod (with the obvious marking) is

/ = 4 log cot
(

1
2

arctan 2
)

= /max.
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Fig. 3. The modular once-punctured torus

(Note that θ belongs to [θmin(/),π] and θmin(/max) is π. It then follows by
uniqueness and the Proposition 4.5 that the Fenchel-Nielsen θ-coordinate
of Tmod is π. But we will not need this.) For future reference, the height of
γ in Tmod is (see Fig. 3)

h′′
max =

∫ √
5

2

dt

t
= log

√
5

2
.(1)

Step 2. Range of θ.
Since Dehn twists of angle multiple of 2π around γ define elements of

themapping class group, and since each (complete finite volume) hyperbolic
metric on S has an elliptic involution, we need only to consider the twist
angles θ ∈ [0,π].

Cutting open along γ, one obtains an hyperbolic pair of pants with side
lengths (/, /, 0). It is well-known (see for instance [FLP]) that such a pair
of pants is isometric to the double of a right-angled hyperbolic pentagon
P with one ideal vertex, along the sides adjacent and opposite to the ideal
vertex, the two other sides having length '

2 . We work in the upper half-plane
model, with the ideal point at infinity, and P contained in the first quadrant,
meeting the vertical axis in [1,+∞[. Let s be the highest point on the side
of P opposite to the vertex at infinity (see Fig. 4).
Letu be the finite vertex ofP on the vertical axis (with vertical coordinate

1), and v be the finite vertex adjacent to u. By Lemma 4.4, the angle α of v
at the origin satisfies

tan
α

2
= e− $

2 .(2)

If / is small enough, then the trace on P of the Busemann level set β−1
e (0)

is exactly the horizontal segment through s. The infimum of the heights of
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Fig. 4. Once-punctured hyperbolic tori

the closed geodesics is attained exactly on γ. A direct computation gives

h′′(/, θ) = − log tanα = log sinh
/

2
.

This formula is valid for / small until s and u are at the same height, that is
until / = 2 log(1 +

√
2) = /min (for α = π

4 ). For future reference, we state
this result as a proposition.

Proposition 4.6 If (/, θ) ∈ ]0, /min] × [0,π], then h′′(/, θ) = log sinh '
2 .

Note thath′′(/, θ) is analytic on (/, θ), increasing in / anddoes not depend
on θ on this range.
The once-punctured hyperbolic torus with / = /min and θ = 0 is the

(unique up to isometry) once-punctured hyperbolic torus with an order 4
symmetry group, obtained by identifying (without gliding) the opposite
sides of a regular ideal hyperbolic quadrangle. There are exactly two closed
geodesics whose heights are minimal. They are obtained by taking the com-
mon perpendicular to the opposite sides of the quadrangle.

As / increases starting from /min, the length /0 of theminimizing segment
between the two boundary components of the hyperbolic torus split open
along γ decreases, and becomes shorter than the (common) length of the
boundary components. An easy computation, using Lemma 4.4, shows that

/0 = 2 log cot
(π

4
− α

2

)
= 2 log coth

/

4
.

In order for γ to remain (one of) the shortest closed geodesic, we need to
twist by some angle θ around γ. Let γ′ be the closed curve, obtained by
following the path which first, in the torus split open along γ, is the shortest
common perpendicular between the two boundary curves, and then is the
shortest of the two sub-paths of γ back to its origin. By Theorem 7.3.6 of
[Bea, page 183], the translation length /(gh) of the product of twohyperbolic
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isometries g, h of the hyperbolic plane, of translation lengths /(g), /(h), with
perpendicular translation axes, is given by:

cosh
/(gh)

2
= cosh

/(g)
2

cosh
/(h)
2

.

Therefore the closed geodesic freely homotopic to γ′ has length /′ satisfying

cosh
/′

2
= cosh

θ/

4π
cosh

/0
2

.

Hence /′ is increasing with θ, and has value / exactly when cosh '
2 =

cosh θ'
4π cosh '0

2 , that is, when

θ =
4π
/

cosh−1
(

sinh
/

2

)
= θmin(/).

In particular /′ ≥ / if and only if θ ∈ [θmin(/),π]. Note that θmin(/) is equal
to π exactly when / is the length /max of γ for the modular once-punctured
hyperbolic torus. This proves the proposition about the range restriction.

4.5

Theorem 4.7 If / ∈ [0, /max] and θ ∈ [θmin(/),π], then h′′(/, θ) =
log sinh '

2 . In particular, h′′ is real-analytic on M1,1. It is the height of
any of the shortest closed geodesic, which is simple. Its maximum on M1,1

is hmax = log
√

5
2 , which is attained only on the modular one-cusped hy-

perbolic torus.

Proof. ByProposition4.6,weonlyhave to consider the case / ∈ [/min, /max]
and θ ∈ [θmin(/),π].

Take as a fundamental domain the union of the pentagonP and its image
by the hyperbolic reflection along the side of P opposite to the vertex at
infinity of P (see Fig. 5). Let Hu be the horoball in the upper half space,
whose points have vertical coordinates at least one, so that its intersection
points with the boundary of the fundamental domain are u, u′. Let γ̃, γ̃′

be the two lifts of γ containing u, u′ respectively. The horosphere ∂Hu is
tangent to γ̃, γ̃′ respectively at u, u′. Define Hc as the image of Hu by the
reflection along the side of P opposite to the vertex at infinity of P . The
horosphere ∂Hc is tangent to γ̃, γ̃′ at the vertices w, w′ respectively of the
fundamental domain.
Recall that v, v′ are the vertices ofP opposite to the point at infinity, with

v the closer to u, and α is the angle of v at the origin. Let g be the element
of the covering group that is the translation along the geodesic line through
v, v′ sending v to v′, composed with the translation along γ̃′ of length θ'

2π
(and moving v′ towards u′). Let H be the preimage of Hu by g, and H′
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be the image of Hc by g. Denote by A, C, A′ the points at infinity of the
horoballs H,Hc,H′ respectively (see Fig. 5). Note that H is tangent to γ̃
at the point p at distance θ'

2π from u on the side [u, v] of P . Similarly H′ is
tangent to γ̃′ at the point p′ at distance /− θ'

2π from u′ on the side [w′, u′] of
the fundamental domain.
We start with a few easy computations that will be needed in the proof.

Lemma 4.8 The Euclidean radius of the disc Hc is rc = 1/(2 sinh2 '
2).

Proof. We have already seen (see the discussion after Equation (2)) that if s
is the highest point on the side of P opposite to infinity, then the hyperbolic
distance between s and the horizontal horosphere ∂Hu is | log sinh '

2 |. Since
s is the midpoint of the common perpendicular segment to the horospheres
∂Hu, ∂Hc, the Euclidean diameter of the disc Hc is 1/ sinh2 '

2 . The result
follows easily. 4.8

Lemma 4.9 The Euclidean radius of the disc H is r = 1/(2 cosh2 θ'
4π ).

Proof. If α0 is the angle of the center of the disc H at the origin, then by
Lemma 4.4, one has tan α0

2 = e− θ$
2π . Since ∂H is tangent to γ̃ at p, one has

sinα0 = r
1−r . The result follows. 4.9

Lemma 4.10 TheEuclidean distance betweenA andC is coth '
2−tanh θ'

4π .

Proof. LetO be the origin in the plane.Onehasd(A, C) = d(C, 0)−d(0, A)
which gives d(A, C) = 1

cosα −
√

(1 − r)2 − r2. Using Equation (2) and
Lemma 4.9, the result follows. 4.10
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Step 1. A computation of the Busemann level β−1
e (0).

It is easy to see that the only horospheres in the orbit of Hu, that meet
the fundamental domain, are Hu,H,Hc,H′ (unless θ = 0, where we have
two more horospheres, the translations of H,H′ along γ̃, γ̃′ of a distance
/, that meet the fundamental domain in w, u′ respectively). Note that since
θ ≥ θmin(/), the Euclidean radius of H, which is r = 1/(2 cosh2 θ'

4π ) by
Lemma 4.9, is less than the Euclidean radius ofHc, which is 1/(2 sinh2 '

2)
by Lemma 4.8.
Hence the Busemann level set β−1

e (0) has a lift which is the horizontal
horosphere through s. In particular the height of the closed geodesic γ is
log sinh '

2 since no lift of γ enters the interior of the horosphere Hu.

Step 2. Computation of the minimal height of a closed geodesic.
We only have to prove that there is no geodesic line L meeting the

fundamental domain and avoiding the horoballsHu,H,Hc,H′. By absurd,
assume that such a line L exists. The boundary of the fundamental do-
main, from which one removes the points lying in one of these horoballs,
is the disjoint union of 4 geodesic segments I1 = ]u, p[, I2 = ]p, w[, I3 =
]w′, p′[, I4 = ]p′, u′[. The geodesic line enters the fundamental domain
through one of I1, I2 and exits it through one of I3, I4.
Let us first prove that L cannot enter through I1 and exit through I4. The

diameter of the Euclidean half-circle L perpendicular to the real axis would
be at least the distance between the tangent points of H and H′ to the real
line, plus the Euclidean radii of the discs H and H′. By Lemma 4.9 and
4.10, one has

r =
1

2 cosh2 θ'
4π

and d(A, C) = coth
/

2
− tanh

θ/

4π
.

Similarly, with r′ the Euclidean radius ofH′, one gets

r′ =
1

2 cosh2 (
'
2 − θ'

4π
) and d(A′, C)= coth

/

2
− tanh

(
/

2
− θ/

4π

)
.

So that, with f(/, θ) = r + d(A, A′) + r′, we have

f(/, θ) = 2 coth
/

2
+

(
1

2 cosh2 θ'
4π

+
1

2 cosh2( '
2 − θ'

4π )

)

−
(

tanh
θ/

4π
+ tanh(

/

2
− θ/

4π
)
)

.

It is easy to see that f(/, θ) is decreasing in / since 1 − θ
2π > 0.

Since cosh x = cosh(−x), and since by taking the derivative, the map
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t ,→ tanh t + tanh(x − t) is increasing in t for t ≤ x
2 , the function f(/, θ)

is also decreasing in θ. Hence

f(/, θ) ≥ f(/max,π) = 2 coth
/max

2
+

1
cosh2 'max

4
− 2 tanh

/max

4

which is about 2.58885438, hence strictly more than 2. In particular, the
Euclidean radius of L would be strictly more than one, which contradicts
the fact that L does no enter Hu.
Let us prove thatL cannot enter through I2. One only has to show that an

Euclidean semi-circle L centered on the real axis, bounding an half-discD
that containsHc and does not containH has radius at least one. LetL′ be the
semi-circle which is tangent to both ∂Hc and ∂H, starts from the segment
between the tangency points A, C and first meets ∂H and then ∂Hc. The
Euclidean radius of L is at least as big as the one of L′. But recall that γ̃ is
tangent to both ∂H, ∂Hc and has radius 1, and that the Euclidean radius of
Hc is at least the Euclidean radius of H. By Lemma 4.3, to prove that L′

henceL has radius at least 1, one only has to prove that t = d(A, C)−(r+rc)
is positive.
By Lemmas 4.8, 4.9 and 4.10, we have

t = coth
/

2
− tanh

θ/

4π
− 1

2 cosh2 θ'
4π

− 1
2 sinh2 '

2

=
sinh(/) − 1
2 sinh2 '

2
−

sinh θ'
2π + 1

2 cosh2 θ'
4π

.

This is an increasing function in θ, hence its values are greater than or equal
to its value at θ = θmin(/). So

t ≥ sinh(/) − 1
2 sinh2 '

2
−

2 sinh '
2

√
sinh2 '

2 − 1 + 1

2 sinh2 '
2

=
sinh '

2

(
cosh '

2 −
√

cosh2 '
2 − 2

)
− 1

sinh2 '
2

.

The numerator is (by an easy derivative computation) a decreasing function
of / on [/min, /max], whose value at / = /max is about 0.118, hence is
positive. This proves that t is indeed positive.
Similarly, one proves that L cannot exit through I3, which proves the

claim.Theorem4.7 now follows. Themaximumofh′′ been reached uniquely
when / = /max, θ = π, that is for themodular once-punctured torus, its value
h′′

max has been computed in Equation (1). This ends the proof. 4.7
Theorem 1.3 of the introduction follows from Theorem 4.7.
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5 The cut locus of a cusp

We keep the notations of the beginning of Sect. 2. The following definition
is due to [EP, section 4] in the case that M̃ = Hn

R
andM has one cusp.

Definition 5.1 (Cut locus of a cusp). The cut locus of the cusp e inM is the
subset Σ = Σ(e) of points x in M from which start at least two (globally)
minimizing geodesic rays converging to e.

(In the caseM is an hyperbolic 3-orbifold and x is a singular point, we
have to count the geodesic rays with multiplicities.)
The definition implies that for any η > 0, such geodesic rays meet

perpendicularly the level set β−1
e (η) in one and only one point, and the

lengths of their subsegments between x and β−1
e (η) are equal.

There is a canonical retraction from M − Σ(e) into β−1
e (1), which

associates to a pointx inM−Σ(e) the unique intersection pointwithβ−1
e (1)

of the unique minimizing geodesic ray starting from x and converging to
e, if x does not lie in β−1

e ([1,+∞[), or the obvious projection to β−1
e (1)

otherwise. (Note that this retraction is a strong deformation retract).

Let N : M → N − {0} be the map which assigns to each x ∈ M the
number N(x) of minimizing geodesic rays starting from x and converging
to e. (This number is finite since the curvature is negative.) The cut locus
of e is by definition N−1([2,+∞[). It is immediate that N is upper semi-
continuous.
In particular, Σ is closed. The setM has a natural partition by the con-

nected components of N−1({k}) for k in N − {0}. By the same proof as
in [Sug, Theorem A], it is easy to show that N−1(2) is a codimension one
sub-manifold ofM , which is open and dense inΣ. We will denoteN−1(2)
by Σ0.

Let H and H ′ be horospheres in M̃ whose horoballs are disjoint. The
equidistant subspace of H and H ′ is, by definition, the set of points in M̃
which are at the same distance from H and H ′.
Let x ∈ Σ0 and r1, r2 be the two minimizing rays starting from x and

converging to e. Let x̃ be a lift of x in M̃ , and r̃1, r̃2 be the lifts of r1, r2
starting from x. Let H1, H2 be the (disjoint) horospheres centered at the
points r̃1(∞), r̃2(∞) respectively, and covering β−1

e (1). The component of
Σ0 which contains x is the image by the covering map M̃ → M of an open
subset of the equidistant subspace of H1 and H2.
In particular, if the curvature is constant, the equidistant subspace of two

horospheresH, H ′ bounding disjoint horoballs is a hyperbolic hyper-plane,
hence is totally geodesic. So that each component of Σ0 is (locally) totally
geodesic. Furthermore, the equidistant subspace is the unique hyperbolic



210 S. Hersonsky, F. Paulin

hyper-plane orthogonal to the geodesic line L between the points at infinity
of H, H ′ and passing through the point of L which is equidistant from H
and H ′. Using the transitivity properties of Isom+(Hn

R
) this can be easily

seen.
A stratification of a smooth manifold M is a partition of M into con-

nected smooth sub-manifolds called strata, such that the closure of each
stratum is locally the union of finitely many strata. (See [Tro1] for a general
survey about topological stratifications. R. Thom’s definition (see [Tho] or
[Tro1, page 234]) required the existence of finitelymany strata in the closure
of any stratum, but a local such assumption is sufficient when dealing with
local properties.)
Let X, Y be two strata with Y contained in the closure of X . The strat-

ification is called (a)-regular (in the Whitney’s sense, see [Whi], with ap-
plications to analytic varieties, or [Tro1, page 235]) if, for every xi ∈ X
converging to y ∈ Y such that the tangent subspace TxiX converges to
some tangent subspace τ , the space TyY is contained in τ .
This condition is precisely the one needed for the transversality of a sub-

manifold to the stratification to be stable in the smooth topology (see [Fel]
or [Tro1, page 237]). We now define the technical assumptions referred to
in the introduction that we will need on the metric onM .

Definition 5.2 (Cute cut locus). The cut locusΣ of the cusp ewill be called
cute if
– the partition of M by the components of N−1(x), x ∈ M , is a locally
finite (a)-regular stratification of M .

– each componentσ ofΣ0 is simply connected, and its closure has a unique
locally highest point σ̂, that belongs to σ.

– Σ0 has only finitely many components.

The union of the codimension 1 strata is exactly N−1(2) = Σ0. Since
any component of Σ0 is simply connected, it has a transverse orientation,
uniquely determined by the orientation of any transversal subspace to the
tangent subspace at any point.
It follows from the fact that the highest point σ̂ is unique and in the

interior of σ that σ̂ is the unique point of σ from which start perpendicularly
to σ at least two (and exactly two) minimizing geodesic rays converging to
e.
We will call σ̂ the summit of σ. A summit of Σ is the summit of some

component of Σ0. By definition, the cut locus Σ of e does not meet the
neighborhood β−1

e (]0,+∞[) of e.
Since M is geometrically finite, if there is only one cusp, if it satisfies

the first condition of Definition 5.2, then the number of components ofΣ0 is
finite (that is the third condition of Definition 5.2 is automatically satisfied).
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Definition 5.3 (Integral geodesic). A geodesic line starting from e whose
first hitting point with Σ is a summit of Σ will be called an integral line.

Note that an integral line is rational, since the unionof the twominimizing
geodesic rays starting from a summit σ̂ ofΣ is, once oriented, a geodesic line
converging both positively and negatively to e. Since Σ0 has only finitely
many components, and since there are two integral lines per summit of Σ,
the setR = R(e) of integral rays is a finite subset of Lk(e, C(M)).
Let us describe interesting examples for which the cut locus of the cusp

is cute. This should also be the case for the other rank one symmetric spaces
of non compact type.

Proposition 5.4

(i) If the curvature is constant and if each component of Σ0 contains at
least one locally highest point, then Σ is cute.

(ii) Suppose thatM has only one cusp, that the cut locus of the cusp is cute,
and that the codimension of each component of N−1({k}) is k − 1.
Then for any small enough perturbation with compact support of the
metric (in the C∞ topology), the new cut locus of the cusp is cute.

Proof. (i) Take the projective Klein model for the universal cover M̃ ofM .
Consider the union A of all equidistant subspaces of pairs of horospheres
covering β−1

e (1). This is a locally finite union of analytic sub-manifolds
(linear ones), hence the dimension stratification of Whitney is a locally
finite (a)-regular stratification (see [Whi]). Since the lift Σ̃ of Σ is a closed
strata-saturated subset ofA, the same thing holds for Σ̃. Since being a locally
finite (a)-regular stratification is a local property, the same thing holds for
Σ.
Note that each top dimensional stratum σ̃ of Σ̃ is contained in some

equidistant subspace. Furthermore, the closure of σ̃ is convex, as the in-
tersection with this equidistant subspace which is convex, of the closures
containing σ̃ of the components of the complementary of the equidistant
subspaces, which are convex.
Let x be a locally highest point in a component σ of Σ0, and r1, r2 the

two minimizing rays starting from x and converging to e. Let x̃ be a lift of
x in M̃ and σ̃ be the lift of σ containing x̃. Let r̃1, r̃2 be the lifts of r1, r2
starting from x̃. Let H1, H2 be the (disjoint) horospheres centered at the
points at infinity a1, a2 of r̃1, r̃2 and covering β−1

e (1).
The equidistant subspace E12 of H1, H2 contains σ̃. Let z̃ be the inter-

section point between E12 and the geodesic between a1, a2. Since z̃ is the
only local minimum onE12 for the Busemann distance to a1, it follows that
x̃ = z̃ and that x is the only locally highest point on the closure of σ.
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Let us prove now that σ is simply connected. By absurd, assume that
there is a closed path c based at x which is not homotopic to 0 in σ. Since
σ̃ is convex, c cannot be homotopic to 0 in M . Hence the lift of c starting
at x̃ ends in γx̃ for some non trivial element γ in the covering group. By
analyticity, γ preserves the equidistant subspace E12. By convexity of σ̃,
the geodesic between z̃ and γz̃ is contained in σ̃. But this is a contradiction,
since the midpoint m of [z̃, γz̃] is contained in the equidistant subspace of
the horospheres H1 and γH1.
The third property of Definition 5.2 follows from the fact that M is

geometrically finite, and that the equidistant subspaces form (in the Klein
model of the hyperbolic space) a locally finite family of affine subspaces.
(ii) By the hypothesis on the codimension onN−1(k), the first property

of a cute cut locus follows by transversality arguments. Since there is only
one cusp, the third property is then automatically satisfied, as we have seen.
Since the deformation is supported on a compact subset, if the deformation
is small enough, the components of Σ0 will remain simply connected, and
by strict convexity of the horospheres, there will remain one and only one
new summit close to each old summit, and no new one will be created far
from the old ones. 5.4

The assumption in (ii) that the codimension ofN−1({k}) is k−1 cannot
be omitted, since if some cut locus in dimension 3 has an edge of degree
4, then by a small perturbation of the metric, the cut locus can be made not
locally finite, as B. Bowditch showed us.

Till the end of this section, we assume that M is a non elementary
geometrically finite hyperbolic 3-orbifold, uniformized as in Sect. 2.3. All
the statements below extend easily to Hn

R
.

The following is another description of Σ. It is due to Ford [For1] for
some arithmetical cases. It was extended by Swan [Swa] for all Bianchi
groups, and by [EP, section 4] when M̃ = Hn

R
andM has one cusp.

Let γ ∈ Γ −Γ∞, the isometric sphere Sγ of γ is the hyperbolic plane in
H3, defined as the intersection of the upper half-space with the Euclidean
sphere centered at γ−1(∞) and of radius 1

|c(γ)| . Note that γ maps the hori-
zontal horosphere H∞(h) defined by the equation t = h centered at ∞ to
the horosphere Hγ(∞)(h) centered at γ(∞), which is the Euclidean sphere
in the upper half-space, tangent to C at γ(∞) and with diameter 1

h|c(γ)|2 .
We denote by H+

γ(∞)(h) the horoball bounded by Hγ(∞)(h).
The key point is the following fact.

Lemma 5.5 For any γ ∈ Γ − Γ∞ and h > 0 big enough, the isomet-
ric sphere Sγ is the equidistant subspace of the horospheres H∞(h) and
Hγ−1(∞)(h).
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Proof. Let x, y be the points on a vertical geodesic line L at vertical coor-
dinates t = h and t = 1

h|c(γ−1)|2 respectively. Then the midpoint of [x, y] is
the point on L at height t = 1

|c(γ−1)| for any h > 0. The hyperbolic plane Sγ

is orthogonal to the (vertical) geodesic line between∞ and γ−1(∞). Hence,
by uniqueness, Sγ is the equidistant subspace of H∞(h) and Hγ−1(∞)(h).

5.5

Let S−
γ be the half ball bounded by Sγ . It is easy to see that γ maps

H3 − S−
γ to S−

γ−1 . Define

B∞ = H3 −
⋃

γ∈Γ−Γ∞

S−
γ ,

that we will call the basin of center ∞. We have:

1. B∞ is invariant by Γ∞,
2. no element of Γ − Γ∞ maps an interior point of B∞ to another interior
point of B∞,

3. the images of B∞ by Γ cover H3.

ThereforeB∞/Γ∞ is an orbifold whose boundary is a piecewise hyperbolic
2-orbifold, andM is obtained by pairing faces ofB∞/Γ∞. Forγ ∈ Γ , define
the basin of center γ(∞) to be Bγ(∞) = γB∞.
Below is a combinatorial picture of the vertical projection toC of the cell

decomposition of the boundary of the basin at infinity forH3/ PSL2(O−d).
Up to d = 43, these drawings are due to [Hat]. The complex number w is
i
√

d if d +≡ −1 [mod 4] and 1
2(1 + i

√
d) otherwise.

By Lemma 5.5, the points in ∂B∞ are exactly the points from which
starts a geodesic ray converging to ∞ and a geodesic ray converging to a
point different from ∞ in the orbit of ∞ by Γ , and at the same Busemann
distance to ∞ and this orbit point. Hence the cut locus Σ is the image of
∂B∞ by the canonical projection H3 → H3/Γ = M . Assume that each
2-cell of ∂B∞ contains the highest point of the half-sphere carrying the 2-
cell. By Proposition 5.4, after passing to a finite cover to get read of torsion,
this implies that the cut locus is cute. The condition holds in the case of the
Bianchi orbifolds with one cusp. The summits of the 2-cells of Σ are the
images in M of the highest points of the isometric spheres Sγ containing
a 2-cell of ∂B∞. Let R̃ be the set of endpoints of the lifts to H3 starting
from ∞ of the integral lines. If P is the set of elements in Γ − Γ∞ whose
isometric sphere carries a 2-cell of the boundary of the basin at infinity, then
R̃ is exactly the discrete subset P (∞).
In the case of the Bianchi orbifoldsH3/PSL2(O−d), the uniformization

chosen in Sect. 2 is precisely the natural oneH3 → H3/PSL2(O−d). Though



214 S. Hersonsky, F. Paulin

0 1

w w+1

d = 1, 2

d = 19

0 1

w w+1

w/2
w+1/2

w+2/2
w+1/2

d = 43

0 1

w w+1

w/2
w+1/2

w+2/2

w/3 w+1/3w-1/3w-2/3 w+4/3

2w/32w-2/3 2w+1/3
2w-1/3 2w+2/3

2w+3/3

w-1/2

w+2/3 w+3/3

w/4w-1/4w-2/4 w+1/4 w+2/4 w+3/4

w/3w-1/3 w+1/3 w+2/3

w/2 w+1/2w-1/2

0 1

d = 67

2w/32w-1/3

3w/4

2w+1/32w-2/3

3w-2/4 3w-1/4 3w+1/4 3w+2/4

w

d = 3, 7, 11

0 1

w+1w

Fig. 6. Cell decomposition of ∂B∞ for H
3/ PSL2(O−d)
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R̃ consists of the integer points in the case d = 1, 2, 3, 7, 11 for instance, it
contains in general rational points with finitely many possible denominators
(q = ±1,±2,±3 for d = 43, for instance, see [Poi] for other lists). Not all
rational lines with these denominators are in R̃ (see Fig. 6).

6 Good approximating sequence of an irrational line

We keep the notations of the beginning of Sect. 2. In Sect. 3, we proved that
any irrational line starting from a given cusp can be well approximated by
rational lines. The aim of this section is to give an explicit sequence of such
rational lines.
Assume that the cut locus of the cusp e is cute. We say that a geodesic

line starting from e is totally irrational if it is recurrent in a compact subset
ofM , and is transverse to the stratification of the cusp, i.e. it does not meet
the singular locusΣ−Σ0 and is transverse toΣ0. This very last assumption
is implied by the previous one in the case of constant curvature, since the
components of Σ0 are locally convex. The set of totally irrational lines is a
dense Gδ set in the link of e.
Consider a totally irrational line ξ. Note thatΣ is cute and ξ is transverse

to Σ, hence the intersection of Σ and ξ has no accumulation point on ξ.
Let us prove that Σ ∩ ξ is infinite. By absurd, assume that there exists

t0 ∈ R such that ξ(t) belongs to M − Σ for t ≥ t0 (for some arclength
parametrization of ξ). Since ξ is recurrent in some compact subset of M ,
there exists at least one accumulation pointx of ξ(t) as t → +∞. Fix ε small.
Let V be a small enough neighborhood of x inM . By the (a)-regularity and
local finiteness of the stratification of Σ, the number of connected compo-
nents of V − Σ is finite. Since ξ accumulates on x and eventually avoids
Σ, there exists t2 ≥ t1 ≥ t0 such that ξ(t1), ξ(t2) are close, in the same
component of V − Σ, and with ξ′(t1), ξ′(t2) close. Let γ be the loop ob-
tained by closing up ξ([t1, t2]) with a geodesic path from ξ(t1) to ξ(t2) in
some connected component of V − Σ. By Anosov’s closing lemma, there
exists a closed geodesic γ∗ in M , contained in the ε-neighborhood of γ,
hence homotopic to γ. But this is a contradiction, since M − Σ retracts
on the cusp neighborhood β−1([1,+∞[), hence the closed curve γ cannot
represent an hyperbolic element of the fundamental group.
Let (xn)n∈N be the sequence of intersection points of ξ with Σ, and

(σn)n∈N the sequence of connected components ofΣ0 consecutively passed
through by ξ. For eachn ∈ N, let cn be the path consisting of the subsegment
of ξ between e and xn, followed by the minimizing geodesic ray from xn to
the cusp e, starting on the other side ofΣn than the one on which ξ arrives at
xn. Let rn be the unique geodesic line starting from e, properly homotopic
to cn. Since rn converges to e, it is a rational line.
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Definition 6.1 The sequence (rn)n∈Nwill be called the good approximating
sequence of ξ, and rn the n-th good approximant.

This definition can be extended to the other irrational lines, since by
the (a)-regularity of the stratification of the cut locus, the transversality to
the stratification is stable, at the expense of loosing the uniqueness of the
sequence. Rational lines and lines ending in other cusps may be attributed
finite sequences.

Remark. For M = H2/PSL2(Z), this sequence coincides with the usual
best approximation sequence in the following sense: let ξ̃ be the endpoint
on the real axis of the lift of ξ starting from ∞ ending in [0, 1[. Note that
ξ is totally irrational if and only if ξ̃ is an irrational real number. Then the
endpoint on the real axis of the lift of rn starting from ∞ and ending in
[0, 1[ is pn/qn, where pn/qn is the n-th convergent of the irrational real
number ξ̃. In the case of M = H3/PSL2(O−d), we don’t know if our
good approximation sequence coincides with Poitou’s best approximation
sequence in [Poi].

The good approximating sequence nicely approximates an irrational line.
We prove this for totally irrational lines, but the result could be extended for
general irrational lines.

Theorem 6.2 LetM be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, with only one cusp e, having a cute cut
locus. There exists a constant c > 0 such that, for every totally irrational
line ξ starting from e with good approximating sequence (rn)n∈N, for every
n in N,

d(rn, ξ) ≤ c e−D(rn).

Proof. Let
c =

1
2

max
x∈Σ

e−βe(x).

Since Σ is in the complement of β−1
e (]0,+∞[), supx∈Σ −βe(x) is strictly

bigger than 0. The supremum is a maximum, since Σ is non empty and
compact in the one cusped case.
Let ξ be a totally irrational line starting from e. Fix a lift ξ̃ of ξ to the

universal cover M̃ of M , intersecting the preimages of the cut locus in
successive points x̃n, starting from the point at infinity a. Let σ̃n be the lift
of some (simply connected) component of Σ0 containing x̃n. Consider the
lift starting from x̃n of the minimizing geodesic ray from xn to e starting
on the other side of σn than the one at which ξ arrives at xn. Its endpoint at
infinity has the form γna for some γn in the covering group of M̃ → M .
Let r̃n be the lift of rn starting from a and ending in γna.
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Fig. 7. Convergence properties of the good approximating sequence

Let (Ht)t∈R be the unique family of horospheres centered at a such
that H0 maps onto β−1

e (0), the distance between Ht and Ht′ is |t − t′|,
and Ht converges to a as t goes to +∞. Since − log 2c = minx∈Σ βe(x),
each component ofΣ0 has a lift contained between the horospheresH0 and
H− log 2c. Hence σ̃n is contained between γnH0 and γnH− log 2c (see Fig. 7).
Let u, w, v be the intersection points of r̃n with H0, γnH− log 2c, γnH0,

respectively. So that d
M̃

(u, v) = D(rn) by definition of the depth, and
d

M̃
(w, v) = | − log 2c | = log 2c, since r̃n is perpendicular to γnH0 and

γnH− log 2c. Since ξ̃ meets σ̃n, the horosphere γnH− log 2c which is centered
at γna meets ξ. Therefore, by the definition of the cuspidal distance d on
Lk(M, e), with ε = +1 if w lies between u and v, and −1 otherwise,

d(rn, ξ) ≤ 1
2
e−εd

M̃
(u,w) =

1
2
e−d

M̃
(u,v)+d

M̃
(w,v) =

1
2
elog 2ce−D(rn).

This proves the result. 6.2

Corollary 6.3 LetM be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, with only one cusp e, having a cute cut
locus. The good approximating sequence (rn)n∈N of any totally irrational
line ξ starting from e converges to ξ.

Proof. This follows from the previous theorem, and from the fact that the
depths D(rn) converge to +∞. We prove this last claim by absurd. By
Remark 2.9, the sequence (rn)n∈N would have a constant subsequence
(rnk)k∈N. Let a be the starting point of ξ̃ (with the notations of the be-
ginning of the previous proof), hence of r̃nk . Let ΓaγnΓa be the double
coset associated to (rn)n∈N, with (γnk)k∈N constant.
Since ξ is irrational, and by strict convexity of the horospheres, the se-

quence σ̃n goes out of every horosphere centered at γnka. This contra-
dicts the fact that x̃nk lies for each k between the horospheres γnkH0 and
γnkH− log 2c (see Fig. 7). 6.3
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Till the end of this section, we assume that M is a non elementary
geometrically finite hyperbolic 3-orbifold, with a finite cover having a cute
cut locus, uniformized as in Sect. 2.3. Again, this extends easily to Hn

R
. We

know a bit more on the depths of the good approximants rn, generalizing
what Ford did in the case of the Bianchi orbifold H3/PSL(2, Z[i]).
If ξ is a totally irrational line starting from the cusp e, let ξ̃ be a lift of

ξ in H3 starting from ∞. It is a vertical geodesic in the upper half-space
H3, that cuts, while going downwards, a sequence (σ̃n)n∈N of cells of the
preimage of Σ0 in H3. The n-th cell σ̃n passed through by ξ̃ is contained
in the boundary of the basins of γn(∞) and γn+1(∞) for some γn’s in the
covering group Γ . By definition of the good approximating sequence, the
n-th good approximant rn is the rational line associated to the double coset
Γ∞γn+1Γ∞.

Proposition 6.4 If (rn)n∈N is the good approximation sequence of a totally
irrational line ξ, then for all n in N,

D(rn) < D(rn+1).

Proof. By the definition of the summit of σ̃n, there exist horospheresHn and
Hn+1 centered respectively at γn(∞) and γn+1(∞) that are tangent at the
summit ̂̃σn of σ̃n. The Euclidean line through ̂̃σn perpendicular to σ̃n hence
goes through the Euclidean center of the hyperbolic plane P containing σ̃n,
and the Euclidean centers ofHn andHn+1. Hence (see Fig. 8), the Euclidean
radius of Hn+1, (which is contained in the half-ball bounded by P since ξ̃
is first meeting Bγn(∞) and then Bγn+1(∞)), is strictly smaller than the one
of Hn.
Since the point ̂̃σn is at the same (hyperbolic) distance from the horo-

spheres Hγn(∞)(1) and Hγn+1(∞)(1) centered at γn(∞) and γn+1(∞) of
Euclidean radii 1

2|c(γn)|2 and
1

2|c(γn+1)|2 , there is a constant k > 0 such
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that the Euclidean radii of Hn and Hn+1 are respectively 1
2k|c(γn)|2 and

1
2k|c(γn+1)|2 . This proves the result, using Lemma 2.10. 6.4

LetD be the set of real numbers e
D(r)

2 for r an integral line. Since there are
only finitely many integral lines, the subsetD of [1,+∞[ is finite. It consists
of {1} if there is only one integral line (counted without multiplicity and
without orientation), as in the case of the Bianchi orbifoldsH3/ PSL(2,Od)
for d = 1, 2, 3, 7, 11.
For g, h elements of PSL(2, C), define

∆(g, h) =

∣∣∣∣∣∣
det




a(g) a(h)

c(g) c(h)





∣∣∣∣∣∣
.

This nonnegative real number doesnot dependon the chosen lifts toSL(2, C),
nor on the representatives of the left cosets of g, h by the stabilizer of any
horizontal horosphere. In particular, by Lemma 2.10,

∆(1, h) = |c(h)| = e
D(Γ∞hΓ∞)

2

if h /∈ Γ∞.

Proposition 6.5 If rn, rn+1 are consecutive good approximants of an irra-
tional line ξ, then d(rn, rn+1) exp(D(rn)+D(rn+1)

2 ) belongs to the finite set
D. In particular, if there is only one integral line (counted without multi-
plicity and without orientation), then

d(rn, rn+1) = e−(
D(rn)+D(rn+1)

2 ) .

Proof. Wemay assume that ξ is totally irrational. Choose γn, γn+1 represen-
tatives of the double cosets associated to rn−1, rn such that the boundaries
of the basins Bγn(∞) and Bγn+1(∞) contain the n-th cell of the preimage of
Σ0 passed through by a fixed lift ξ̃ of ξ. By Lemma 2.10, one has

∆(γn, γn+1) =
∣∣∣∣
a(γn)
c(γn)

− a(γn+1)
c(γn+1)

∣∣∣∣ |c(γn)||c(γn+1)|

= d(rn−1, rn)e
D(rn−1)+D(rn)

2 .

Since SL2(C) preserves the area in C2, ∆(γn, γn+1) = ∆(1, γ−1
n γn+1).

Since the closures of the basins Bγn(∞) and Bγn+1(∞) meet in a cell of the
preimage ofΣ0, the rational line associated to the double coset of γ−1

n γn+1

is an integral line, and the result follows. 6.5
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Fig. 9. The continued sequence of an irrational ray

Remark. When M = H2/PSL2(Z), it is well known that ∆(γn, γn+1) is
always 1. This proposition gives a geometric understanding of the possible
values for other M ’s, for instance for the Poitou’s best approximation se-
quence when M = H3/PSL2(O−d) for d large enough. See [Poi] for the

list of possible values of

∣∣∣∣∣
pn pn+1

qn qn+1

∣∣∣∣∣ when d = 19 for example.

7 Continued sequence of a totally irrational line

We keep the notations of the beginning of Sect. 2. We assume that the
cut locus of the cusp e is cute. The aim of this section is to associate to a
totally irrational line ξ starting from e a sequence (an)n∈N in some countable
alphabet which will determine it.
LetR be the finite set which consists of all the first intersection points of

integral lines starting from e with Le = β−1
e (1). Let π1(Le,R) denote the

set of homotopy classes relative to endpoints of paths in Le with endpoints
inR. Note that unless there is only one point inR, π1(Le,R) is not a group,
but it is a groupoid for the composition of paths. There is a natural involution
onR. It associates to the first intersection point λ, of an integral line r with
Le, the second (and last) intersection point, that we will denote by λ−1. It
is clear that λ−1 is also the first intersection point of the integral line which
is r with the opposite orientation. Since Le is compact and R finite, the
groupoid π1(Le, R) is countable.
Let (rn)n∈N be the good approximating sequence of ξ, with (xn)n∈N

the successive intersection points of ξ with the cut locus and σn the cell of
Σ0 containing xn. Recall that ξ is oriented and totally irrational, hence for
each n, the tangent space to ξ at xn is oriented and transverse to the tangent
subspace to σn at xn. For each n, endow σn with the transverse orientation
given by the oriented tangent space to ξ at xn.
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Note that r0 is an integral line. Let λ0 be its first intersection point with
Le. Define a0 ∈ π1(Le,R) to be the class of the constant path at λ0. We
define the sequences (an)n∈N, (λn)n∈N by induction. Assume an,λn are
defined. Consider the path c starting at λ−1

n , following the sub-path of an
integral line from λ−1

n to the summit σ̂n, then any path c1 in σn from σ̂n to
xn, then the sub-path of ξ from xn to xn+1, then any path c2 in σn+1 from
xn+1 to σ̂n+1, then the sub-path of an integral line starting from σ̂n+1 on
the negative side of σn+1, that ends in the point λn+1 ∈ R. By pushing a
little bit c1 on the positive side of σn, and c2 on the negative side of σn+1,
one gets a path contained in the complement of the cut locus in M . Recall
that this complement canonically retracts onto Le. Let an+1 be the class of
the path between λ−1

n and λn+1 obtained by retracting c onto Le.

Definition 7.1 The sequence (an)n∈N will be called the continued sequence
of the totally irrational ray ξ.

Theorem 7.2 LetM be a non elementary geometrically finite pinched neg-
atively curved Riemannian manifold, with only one cusp e, having a cute
cut locus. A totally irrational line is uniquely determined by its continued
sequence.

Proof. Let (an)n∈N be the continued sequence of the totally irrational ray
ξ. Let λ−1

n be the initial point of the path an. Consider the path v inM , de-
pending only on the continued sequence, which is obtained by following the
minimizing geodesic ray starting from e arriving perpendicularly onλ0, then
the sub-path of the integral line from λ0 to λ−1

0 , then a1, then the sub-path of
the integral line from λ1 to λ−1

1 , then a2, etc. It is clear by the construction
that v is homotopic to ξ, by an homotopy which is proper on every negative
sub-ray (though not necessarily globally proper). Since Σ is compact, the
sequence of points (λn)n∈N on v stays at uniformly bounded distance from
ξ. If ξ′ is another totally irrational line having the same continued sequence,
consider the lift to the universal cover of the homotopy between v and ξ and
of the one between v and ξ′, so that they coincide on some lift of v. Then
the lifts of ξ, ξ′ are two geodesic lines in M̃ starting from the same origin
at infinity, and having a sequence of points converging to their endpoint at
infinity that stay at uniformly bounded distance. Hence the geodesic lines
have the same endpoint at infinity, therefore they coincide. By projecting to
M , one gets that ξ, ξ′ are equal. 7.2

Till the end of this section, we assume that M is a non elementary
geometrically finite hyperbolic 3-orbifold, with a finite cover having a cute
cut locus, uniformized as in Sect. 2.3. The orbifold universal cover of Le

is the horizontal horosphere in H3 which is mapped onto Le by the choice
of the orbifold universal cover H3 → M . We will identify that horosphere
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withC by vertical projection. Let R̃ be the subset ofC corresponding to the
lift ofR, which is a discrete subset ofC. It is invariant by the group Γ∞ (and
it is reduced to one orbit if there is only one integral line (counted without
multiplicity and orientation)).
Assume for simplicity that the group Γ∞ is a covering group of Le,

hence a group of translations of C. Since any path between two points in
R̃ is homotopic relative to endpoints to the segment between the endpoints,
one can naturally identify π1(Le,R) with the set R̃ − R̃ of differences of
two elements of R̃. Indeed, any path between two points ofR has a unique
lift, once a preimage of the starting point is chosen, between two points in
C, and we associate to the path the difference of the endpoints of the lift.
This does not depend on the chosen preimage of the starting point, since
any two of them differ by an element of Γ∞, which acts by translation.
Let ξ be a totally irrational line, and (rn)n∈N be the good approximating

sequence for ξ. Let ξ̃ be a lift of ξ starting from ∞, and r̃n the lift of rn

obtained by lifting the homotopy between rn and ξn (the sub-path of ξ up to
the n-th intersection point xn with the cut locus, followed by theminimizing
geodesic ray from xn to e on the opposite side). Let Γ∞γnΓ∞ be the double
coset associated to rn, with γn a representative so that the endpoint of r̃n is
zn = γn(∞) (this determines the left coset γnΓ∞). Define by convention
γ−1 = id, so that z−1 = ∞.
The next result explains how the continued fraction can be explicitly

computed in terms of the good approximating sequence.

Proposition 7.3 Under the above identification of π1(Le,R) with R̃ − R̃,
one has a0 = 0 and for n ≥ 0,

an+1 = γ−1
n (zn+1) − γ−1

n (zn−1).

Note that the right hand side does not depend on the left coset of γn.

Proof. Let x̃n, x̃n+1 be consecutive intersection points of ξ̃ with the preim-
age of the cut locus. Then ξ̃ passes at x̃n from the basin of γn−1(∞) to the
basin of γn(∞), stays inside the basin of γn(∞) between x̃n and x̃n+1, then
passes at x̃n+1 into the basin of γn+1(∞). Consider the action of γ−1

n on
H3. It maps zn to∞ and zn±1 to γ−1

n (zn±1). It preserves the set of lifts of
any integral line. Since the geodesic lines starting from∞ are vertical half-
lines, the summits of the cells γ−1

n (σ̃n) and γ−1
n (σ̃n+1) projects vertically

to γ−1
n (zn−1) and γ−1

n (zn+1) respectively. The result follows. 7.3

Corollary 7.4 Assume that there is only one integral line (counted without
multiplicity). Then

|an+1| = ∆(γn+1, γn−1).
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Proof. Under the assumption, the summits of the cells γ−1
n (σ̃n) and

γ−1
n (σ̃n+1) are on the horizontal horosphere at height 1. Hence γ−1

n γn±1 is
the map z ,→ −1

z + γ−1
n γn±1(∞). Therefore

∆(γn+1, γn−1) = ∆(γ−1
n γn+1, γ

−1
n γn−1)

= |γ−1
n γn+1(∞) − γ−1

n γn−1(∞)| = |an+1|.

7.4

The next result proves that the good approximation sequence can be
recovered from the continued sequence. To get rn, one only has to compute
the value of the endpoint zn ∈ C of the lift r̃n. We prove that zn can be
expressed in an explicit summation formula in terms of the ai’s with i ≤ n
and the “denominators” of the zi’s with i < n.

Theorem 7.5 If ξ is a totally irrational line, then with the above notations
and qi = c(γi) for i ≥ −1, one has

zn = z0 +
n∑

k=1

1
∑k

i=0(−1)iq2
i−1ai

.

Proof. By Proposition 7.3, one has

zn+1 = γn(an+1 + γ−1
n zn−1).

Writing for simplicity γn =

(
a b

c d

)
, one gets, since ad−bc = 1, for n ≥ 1

zn+1 =
a

(
an+1 + dzn−1−b

−czn−1+a

)
+ b

c
(
an+1 + dzn−1−b

−czn−1+a

)
+ d

=
zn−1 + a2an+1 − acan+1zn−1

acan+1 − c2an+1zn−1 + 1

=
zn−1 + znc2an+1(zn − zn−1)

1 + c2an+1(zn − zn−1)
,

since zn = γn(∞) = a
c . Hence with qn = c(γn), which depends (up to

sign) only on rn, one gets

zn+1 =
zn−1 + znq2

nan+1(zn − zn−1)
1 + q2

nan+1(zn − zn−1)
.

Therefore
zn+1 − zn = − zn − zn−1

1 + q2
nan+1(zn − zn−1)

.
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Let xp = 1
zp−zp−1

for p ≥ 1 and x0 = 0. Then for n ≥ 0

xn+1 = −(xn + q2
nan+1).

Since by convention q−1 = 0, one gets xn =
∑n

k=0(−1)kq2
k−1ak. The

equality of the theorem now follows from the fact that zn+1 − zn = 1
xn+1

.
7.5

In the case ofH2/PSL2(Z), our continued sequence (an)n∈N of ξ slightly
differs from the classical continued fraction expansion

1
b1 + 1

b2+ 1
...

of the endpoint on the real axis of the lift of ξ starting at ∞ and ending in
] − 1, 1[ : one has |an − bn| ≤ 1 (and the difference may be a non recursive
function). This comes from the fact that we are working with the cut locus
rather than with its dual cell decomposition, but we might come back to that
point in a future paper.
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Les groupes hyperboliques deGromov, Lecture Notes 1441, Springer-Verlag 1990.
[Dan] S.J. Dani, Bounded orbits of flows on homogeneous spaces, Comment.Math. Helv.

61 (1986), no. 4, 636–660.
[DP] R.Descombes, G. Poitou, Sur l’approximation dansR(i

√
11), Compt. Rend.Acad.

Scien. Paris 231 (1950) 264–264.
[EP] D.B.A. Epstein, R. Penner, Euclidean decomposition of non-compact hyperbolic

manifolds, J. Diff. Geom. 27 (1988), 67–80.
[FLP] A. Fathi, F. Laudenbach, V. Poenaru, Travaux de Thurston sur les surfaces,
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